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CONIC SECTIONS. 



INTEODUCTIOK 

1. Def. The curve traced out by a point, which moves in 
such a manner that its distance from a given fixed point 
continually bears the same ratio to its distance from a given 
fixed line, is called a Conic Section, 

The fixed point is called the Focus. jdi,\ii. the fixed line the 
Directrix, 

XT 

Thus if 8 be the focus, and KK 
the directrix, and P a point from which 
PM is drawn at right angles to the 
directrix, the curve traced out by P jf 
will be a Conic Section, provided P 
move in such a manner that 8P always 
bears the same ratio to PM, 

(1.) When the distance from the 
fixed point is equal to the distance 
from the fixed line, that is, when SP 
is equal to PM, the Conic Section is 
called a Parcibola, 




K' 



(2.) When the distance from the fixed point is less than 
the distance from the fixed line, that is, when the ratio wliich 

« B 



2 CONIC SECTIONS. 

8P bears to FM is less than unity, the Conic Section is 
called an Ellipse. 

(3.) When the distance from the fixed point is greater 
than the distance from the fixed line, that is, when the ratio 
which SP bears to PM is greater than unity, the Conic 
Section is called an Hyperbola. 

4 

2. The reason of the term Conic Sections being applied 
to these curves is that, when a Gone is intersected by a plane 
surface, the boundary of the section so formed will, in general, 
be one or other of these curves. 

I propose to investigate the properties of the Conic Sections 
from the definitions given above, and afterwards to show in 
what manner a Con^ must be divided by a plane in order 
that the curve of intersection may be a Parabola^ Ellipse, or 
Eyperlola. 



CHAPTEE I. 



THE PABABOLA. 



Prop. I. 

3. The focus and directrix of a parabola being given, to 
find any number of points on the curve. 




Let S be the focus, and KK' the directrix. 

Draw XSx at right angles to the directrix, and bisect the 
line 8X in A ; then 

since AS =' AX, 

,\ 4 is a point on the curve. 

The point A is called the Vertex, and the line Ax, with 
respect to which the curve is evidently symmetrical, is called 
the Aods. 



4 CONIC SECTIONS. 

On the directrix take any point M; join SM; and draw 
MP at right angles to the directrix. 

At the focus S make the angle MSP equal to the angle 
SMP; then 

8P=PM, 

.'. P is a point on the curve. 

So by talcing any number of points, M\ M'\ on the 
directrix, we may obtain as many points, P', P"", on the 
curve as we please, and the line which passes through ^ and 
all these points will be the parabola whose focus is 8 and 
directrix KK\ 

Cor. 1. As M is taken further fiway from the point X, the 
line 8M and the angles 8MP, M8P, and, consequently, the 
lines 8P and PM, continually increase. Hence, since X3f 
and MP increase together, the curve recedes at the same time 
both from the axis and directrix ; and since the angle 8MP^ 
can never exceed a right angle, and the lines 8P and MP will 
therefore always meet, it is evident that there is no limit to 
the distance to which the curve may extend on both sides of 
the axis. 

CoR. 2. The parabola may be described practically in the 
following manner. 




Let 8 be the focus and KX be the directrix; and let a rigid 
bar QM, having a string of the same length as itself fastened 
at one end Q, be made to slide parallel to the axis with the 
other end M on the directrix ; then if the other end of the 
string be fastened at the focus, and the string be kept 
stretched by means of the point of a pencil at P, in contact 
with the bar, since 8P will always be equal to PM, it is 
evident that the point P will trace out the parabola. 
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Prop. II. 

4. The distance of any point inside the parabola from the 
focus is less than its distance from the directrix; and the 
distance of any point outside the parabola from the focus is 
greater than its distance from the directrix. 




(1.) Let C be a point inside the parabola. 

Draw QM Bi right angles to the directrix, meeting the 
parabola in P ; join SF ; then 

since SP = Pif, 

r.SP^ndPQ^^QM. 

But SP and PQ > 8Q, 

,\QM>8Q. 

(2.) Let C be a point outside the parabola. 

Draw MQ at right angles to the directrix, and produce it 
to meet the parabola in P ; join 8P ; then 

since SQ and QP > SP, 

and 8P - PM, 

.'.SQand QP>PM, 

.\8Q>QM. 

CoR. Conversely a point will be inside or outside the 
parabola according as its distance from the focus is less or 
greater than its distance from the directrix. 

5. Def. The line PN {see fig. Prop. III.) drawn at right 
angles to the axis from the point P in the curve is called the 
Ordinate of the point P, and the line AN the Abscissa, 
The double ordinate B G drawn through the focus, and termi- 
nated both ways by the curve, is called the Latus Rectum. 
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Prop. IIL 



The Latus Rectum £0=4 AS. 




Draw BK at right angles to the directrix. 

Then SB = SK^SX = 2 AS, 
.\BC = 4.AS, 

6. Def. If a point P' be taken on the parabola {see fig. 
Prop, IV.) near to P, and PP' be joined, the line PP' pro- 
duced, in the limiting position which it assumes when P' is 
made to approach indefinitely near to P, is called the Tangent 
to the parabola at the point P. 



Prop. IV. 

If the tangent to the parabola at any point P intersect the 
directrix in the point Z] then SZv^\\\ be at right angles to 
8P. 

Let P' be a point on the parabola near to P. 



^^^^ 
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Draw the chord PP' and produce it to meet the directrix 
in Z; join SZ, 

Draw PJIf, P'M^ Q,t right angles to the directrix ; join 8P, 
JSP' ; and produce PS to meet the parabola in Q. 

Then, since the triangles ZMP, ZM'P' are similar, 
r.ZPiZr y.MP'.M P\ 

::SP:8P\ 
.-. SZ bisects the angle P'SQ. (Euclid, VI. Prop, A,)l^^^''--^^}^ 

Now when P' is indefinitely near to P, and PP' becomes 
the tangent at the point P, the angle PSJ^' becomes in- 
definitely small, while the angle QSP' approaches two right 
angles, and therefore the angle P' /S'^,, which is half of the 
angle P'/S§^ becomes ultimately a right angle. 

Hence, when P^ is the tangent, 

the angle ZSP is a right angle, 
or SZ is perpendicular to SP, 

COK. Conversely, if SZ be drawn at right angles to SP,^ 
meeting the directrix in Z, and PZ be joined, PZ will be a 
tangent at P. 
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Prop. V. 



7. The tangent at any point P of a parabola bisects the 
angle between the focal distance SP, and the perpendicular 
PM on the directrix. 



E 




Let the tangent at Pmeet the directrix in the point Z ; 
join 8Z; then since the angle Z8P is a light angle, (Prop. 

.-. z^r- + 8F^ = PZ\ 

Also ZW + MP^ = PZ\ 

.-. Z8'- 4 SP^ = Zm + MP^. 
But SP = PM, 
.-.ZS^ZM. 

Now in the triangles ZP8, ZPM, 

.: ZP, PS = ZP, PM, each to each, 
and Z8 = ZM, 
.-.the angle 8PZ = the angle MPZ; 
or PZ bisects the angle 8PM. 
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Cor. 1. If ZP be produced to R, then the angle 8PR = 
the angle MPR. 

Cor. 2. It is evident that the tangent at the vertex A is 
perpendicular to the axis. 



Prop. VI. 

8. The tangents at the extremities of a focal chord inter- 
sect at right angles in the directrix. 

Let P8Q be a focal chord, and let the tangent at Pmeet 
the directrix in Z, 

Join 8Z ', then 

the angle Z8P is a right angle, {Prop, IV.) 
and .*. also the angle Z8Q is a right angle, 
.\ Z QiB the tangent at Qy {Prop, IV. Cor,) 

or the tangents at the extremities of the focal chord P8Q 
intersect in the directrix. 

Again, draw PM, QM* at right angles to the directrix ; 
then 

since MP, PZ = 8P, PZ, each to each, 

and the angle MPZ = the angle 8PZ, 

.-.the angle MZP = the angle 8ZP, 

,'. the angle 8 ZP is half of the angle 8ZM. 

So the angle 8ZQ is half of the angle 8ZM[, • 

.-.the angle PZIQ is half of the two 8ZM and 8ZM\ 

But the angles 8ZM and 8ZM' = two right angles, 

.•. the angle PZQ is a right angle, 

or the tangents at the extremities of a focal chord intersect 
at right angles in the directrix. 
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pbop. vn. 

9. If the tangent at any point P of a parabola meet the 
axis produced in the point T, and PN be the ordinate of the 
point P, then NT= 2 AN. 
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Join BP, and draw PMat right angles to the directrix; 
then % 

.-.the angle 8PT = the angle MPT=^ the angle 8TP, 

.'. 8T = 8P. 
Ji\it8P=^PM= XN, 
.-. 8T = XK 
'BuiAB = AX, 
,'. the remainder AT = the remainder AN, 

.'.NT ^2 AN, 

Def. The line ^Tis called the SuhtangenL 

10. Def. The line PO, drawn at right angles to PT, is 
called the Normal at the point P, and NO the SiibnormaL 



PiiOP. VIIL 

If the normal at the point P of a parabola meet the axis 
in the point (?, then NG = 2AS. 
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Since the angle 8PO = the complement of the angle 8 FT, 
and the angle SOP = the complement of the angle 8TP, 
and also the angle 8PT'= the angle 8TP, {Prop. VII.) 
.-. the angle 8PQ == the angle SOP, 
.-. SO = 8P. 
But 8P^PM=XN, 
.-. 80 = J^K 
Taking away the common part SN, 

the remainder N0=- 8X=2A8, 

Prop. IX. 

11. If PN be an ordinate to the parabola at the point P; 
thenP2P = 4A8.AK 

Since TPO is a right angle, and PN perpendicular to TO; 

.•. PNis a mean proportional between TN sjxd NO; 

or PN* = TN. NO. {Euclid, VI. 8 Cor,) 

But TN= 2 AN, {Prop, VII.) 

and NO = 2^ .S, (Pr(?p. VIII.) 

,\PN* = 4tA8.AN 

Pkop X. 

12. If the tangent at any point P intersect the tangent at 
the vertex in Y, then 8 Y will bisect PT at right angles, 
and wiU be a mean proportional between 8 A and 8P, 

Draw P-Vat right angles to the axis ; then 

since AY is parallel to PN, 

.-. TY: YP:: TA : AN 

But A T=^ AN, (Prop. VII.) 

.-. TY=^PY; 

and .-. 8Y, YP= 8Y, YT, each to each, 

and /SP= 8T, {Prop. VII.) 

.-. the angle 8YP= the angle 8YT, 

.\ SYia perpendicular to PT. 
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Again, since T YS is a right angle, and YA perpendicular 
to ST, 

.*. 5'F is a mean proportional between 8T and 8 A ; 

or SY'=8T. 8 A, {Euclid, VI. 8 Cor:) 

But 8T = 8F, {Prop, VII.) 

.-. 8Y'= 8P. 8A. 

Cor. If PJf be drawn at right angles to the directrix, and 
Jf F be joined, then 

since 8P, PY = MP, PY, each to each, 

and the angle SPY = the angle MPY, {Prop. V.) 

.-.the angle SYP^ the angle MYP, 

.*. 8Y QXiA. Fif are in the same straight line* 

/ Prop. XI. 

13. To drav^r e pair of tangents to a parabola from an 
external point. 
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Let be the given external point. 

Join OS, and with centre and radius OS describe a circle, 
cutting the directrix in M and M\ which it will always do, on 
whichever side of the directrix is situated, since is nearer 
to the directrix than to the focus. {Prop, II.) 

Draw MQ and M'Q^ parallel to the axis meeting the 
parabola in Q and Q\ 

Join OQ, OQ' ; these will be the tangents required. 

Join SQ and SQ' ; then 

.-. OQ,QS = OQ, QM, each to each, 

and 08 = OM, 

.'. the angle OQS = the angle 0Q3f, 

.'. OQ is the tangent at Q. (Prop. V.) 

So OQ' is the tangent at Q\ 

Pkop. XIL 

14. If from a point a pair of tangents OQ and OQ' be 
drawn to a parabola, the triangles OSQ, OSQ' will be 
similar, and OS will be a mean proportional between SQ 
and SQ\ 

Join 8M, cutting 0^ at right angles {Prop. X. Cor) in 
the point Y\ then 

since the angle SQO = the angle MQO, (Prop. V.) 

and the angle MQO = the angle SMM\ 

each of these angles being the complement of the angle QMY, 

.'. the angle SQO = the angle SMM\ 

But the angle SMM' at the circumference is half the angle 
SOAr at the centre, and is therefore equal to the angle SOQ\ 

.-. the angle SQO = the angle SOQ\ 

So the angle SOQ = the angle SQ'O, 

.'. the remaining angle OSQ = the remaining angle OSQ\ 
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And therefore the triangle OSQia similar to the triangle 
OSQ' 

.\ 8Q : SO :: SO : SQ\ 
.-. SQ.SQ'^SO\ 

or SO is a mean proportional between SQ and SQ\ 



Prop. XIII. 

15. If a pair of tangents OQ, OQ' he drawn to a parabola, 
and OF be drawn parallel to the axis meeting QQ'iaV, then 
QQ' shall be bisected in V. 




Draw QM, Q'M' at right angles to the directrix. 
Join OM, OM' ; and let V meet MM' in Z. 
Then, since 0M=^ 0M\ {Prop, XI.) 
/. the angle OMZ^ the angle OM'Z, 
and the angle OZM = the angle 0ZM\ 



r 



CONIC SECTIOKS. 

and the side OZia common to the triangles OZM, OZM', 

.-. MZ = M'Z. 
And because the lines QM, ZV, Q'M' are parallel, 

.-. QV '. Q'V :: MZ : M'Z. 
But MZ = M'Z, 
.: QV=Q'V, 
.'. QQ' ia bisected in V, 
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Prop. XIV. 



1- 



16. If from a point a pair of tangents OQ, 0Q\ be 
drawn to a parabola, and OF be drawn parallel to the axis 
meeting the parabola in P, and QQ' m V, then the tangent 
at P will be parallel to QQ' and OV will be bisected in P. 




Draw the tangent RPB' meeting OQ,OQ'mR and B\ 

Join P§, and draw -B JT parallel to the axis, meeting PQ 
in W; 



16 CONIC SECTIONS. 

Then, by the last Proposition, 

PW= WQ. 
And because RWis parallel to OP, 

.-. OE : EQ :: PIT: WQ. 
ButPF= WQ, 
.\ OR = RQ; 

soOP' = P'G', 
.-. OB : BQ :: OB' : B'Q\ 

.'. BB' is paraUel to QQ\ 

Again, since PB is parallel to Q V, 

.-. OP : PV :: OB : BQ. 

But OP = BQ, 

.-. OP^PV. 

CoR. From this it is manifest that if any number of parallel 
chords be drawn in a parabola, their middle points will all lie 
on the line parallel to the axis which passes through the point 
where the tangent drawn parallel to the chord meets the 
parabola. 

Def. Any line PV, drawn from a point P in the parabola 
parallel to the axis, is called a Diameter. 

The point P is called the Vertex of the diameter PV\ and 
the tangent at P the Tangent at the Vertex. 

The diameter consequently bisects all chords parallel to the 
tangent at the vertex, and the tangents at the extremities 
of any chord w^ill intersect in the diameter corresponding to 
that chord. 

Def. a line Q V, drawn parallel to the tangent at P from 
a point Q in the curve, is called the Ordinate to the diameter 
PV 

Prop. XV. 
17. If ^F be an ordinate to the diameter PV, then QV* 

= 4:.SP.PV 
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Produce QV to meet the parabola in Q' ; and draw the 
tangents Q 0, Q' 0, meeting VP produced in the point 0, 
(Prop, XIV.) 

Also let the tangent at P meet OQ in B, and join 8P, 
SH, and 8 Q, Now since from the point R two tangents RPy 
li Q are drawn to the parabola, the triangle RP8 is similar 
to the triangle R8Q, {Prop. XII.) 

.•, the angle 8BP= the angle 8QR. 

But the angle 8QR = the angle 8TQ, (Prop. VII.) 

= the angle POR, 

.-.the angle 5iZP= the angle POR, 

and the angle 8PR = the angle OPR, (Prop, V. Cor, 1.) 

.*. the remaining angle R8P = the remaining angle ORP, 

/. the triangle 8 PR is similar to the triangle POP, 

.'. 8P:PR::PR:P0, 

.'.PR^^ 8P.P0, 

^ 8P.PV. (Prop. XIY,) 

Again, since Q F is parallel to PR, 

. /. QViPR:: OV: OP. 

But r = 2 OP, (Prop. XTV.) 

c 



18 conn; sMcnass. 

.. QF=2PB, 

=^4SP.Pr. 

18. Dzr. The doable oidinate to the diameter PV, drawn 
paiaUel to the tangent at P, and passing through the focus, is 
called the Parameter of the diameter P V. 



Pbop. XVL 
The parameter of the diameter PF = 4 . 8P. 




Draw Q 8Q' through the focus parallel to the tangent at P, 
and let the tangent at Pmeet the axis produced in T; theu 

QV* = 4:8P. PV. {Prop. XV.) 

But PV= 8T^ SP, (Prop. VII.) 

.■.QV*==4:8P'; 

or QV=28P, 

.'. QQ' = 4:SP. 
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Piiop. XVIL 

19. If two chords of a parabola iiitersect one another, the 
rectangles contained by their segments are in the ratio of the 
parameters of the diameters which bisect the cliords. 




Let the chords Qq^Q^ intersect one another in the point 0. 

Bisect Qq, Qq^ in V and F' ; and draw the diameters PV, 
P V parallel to the axis. 

Also, through draw GB parallel to PF; and through H 
draw B W parallel to Q V. 

Now, since Qq is divided equally in V and unequally in 0, 

' .',QO.Oq^ QV- 0V\ {Euclid, XL 5) 

^4.SP.Pr-4.8P.PW, (Prop. XV.) 
= 4:8p>.B0. 
So Q'O, Oq ==4l8P .BO. 
Hence QO . Oq : Q'O . Oq' :: ASP : 4:SP\ 

c 2 



20 



CONIC SECTIONS. 



By Euclid, II. 6, the same may be proved to be true if the 
point be without the parabolfu 



Prop. XVIII. 

20. If from an external point a pair of tangents O Q, 
OQ' be drawn to the parabola, and the chord QQ' h^ joined, 
the area of the figure bounded by ^^ and the curve is 
two-thirds of the triangle QOQ\ 




Draw the diameter V meeting the curve in P; and let 
the tangent at P meet OQ, OQ' in B and B', 

Join QP, Q'P; then 

since OB == BQ, 
.'.the triangle OPB. == ^ the triangle OPQ, 

= J the triangle VPQ, 
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So the triangle OPB = ^ the triangle VPQ\ 
.-.the triangle OMB' = i the triangle PQQ\ 

Again, if through It and It' we draw the diameters Bp, 
B'f \ and at the points p and p' draw the tangents rpr^, r'p'r\f 
we can prove in the same manner as before that 

the triangle Brr^ = \ the triangle QpP, 

and the triangle B'rW\ = \ the triangle Q'p^P, 

Continuing in this manner to form new triangles by 
drawing diameters at the points r, r^, and r'r\, and tangents 
at the points where these diameters meet the curve, we can 
prove that the exterior triangles formed by the tangents are 
the halves of the interior triangles formed by joining the 
points of contact with the extremities of the chords. 

And the same wUl hold however the number of the triangles 
be increased. 

Hence the sum of all the exterior triangles will be equal 
to half the sum of all the interior triangles. 

Now when the number of the triangles is increased in- 
definitely, the sum of the exterior triangles will represent the 
exterior figure OQPQ\ and the sum of the interior triangles 
the area of the interior figure QPQ. Hence 

the area of the figure OQPQ' «= \ the area of the figure QPQ' 

/. area of the figure OQPQ' = J the area of triangle QOQ\ 

/. area of the figure QPQ' = f the area of triangle QOQ\ 

21. Def. If with a point on the normal at P as centre 
and OP as radius, a circle be described touching the parabola 
at P and cutting it in Q ; then when the point Q is made to 
approach indefinitely near to P, the circle is called the Circle 
of Curvature at the point P. {See fig. Prop, XIX.) 
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r^ elcri c€ tLft -lit:!* rf esrt^uir^ *i a pc-Isi P of a 

I/:t PT be t2>e taes^pit, asc PC ibe Drnsil a: tie pcnnt P. 
''•^V.:-. ei^tktre O ar.i ixii33 OP <ie!«»"rry a circle c^itdiig the 

I>nnr BQX parallel to t2ic axis meen::^ ;he circle in Jl 
mA the tangent at P in £ 

Also dnw ^F parcel to PB, and PIT paiaDel to the 
axis; then 

since BP toachcs the circle at P, 
.\BQ.BX^PE'. (ITiiaiJ, HL 3C-) 
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But PB^ =-QV' = 4:8 P . P r, (Prop. XV.) 
.\BQ.PJC=4:8P ,PK 
But BQ = PV. 
.'.RX^4:8P. 

Now when the circle becomes the circle of curvature at P, 
the points R and Q move up to and coincide with P, and the 
lines BX and PPT become equal. 

Hence the chord of the circle of curvature parallel to the 
axis = 4^P. 

Cob. 1. If P?7be the diameter of the circle of curvature, 
and PF the chord through the focus ; then 

since the angle FPU =- the angle WPU, {Prop. VIII.) 

.•.PP=PJF=45fP. 

CoR. 2. If S F be drawn at right angles to PT\ then 
the triangle PPZ7 is similar to 8YP, 
.\PU:PF::8P:8Y, 
otPUi48P::SP:ST. 

Prop. XX. 

If QVQ' he any ordinate to the diameter P F, the circle 
described through the three points P, Q,Q' will intersect the 
parabola in a fourth point, which depends only upon the 
position of P. 

Draw the ordinate PN, and produce it to meet the parabola 
in P' ; then, 

since the subtangent = 2 . -4 JV. (Prop. VIL) 

the tangents at P and P' will meet the axis in the same 
point T. 

Draw PR parallel to TP\ meeting the parabola in R, and 
QQ'iviO\ then 

PO . OR : QO . OQ' :: SP' : SP. (Prop. XVII.) 
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But 8F=8T = SP\ {Prop. VII.) 
.-. PO .OR^QO . 0Q\ 



Hence by the converse of Eudid III. Prop, 35, the point R 
is on the circle which passes through P, Q, Q ', 

Cor. 1. Since TP and TP' are equally inclined to the axis, 
the lines QQ\ PR, which are parallel respectively to TP and 
TP", are also equally inclined to the axis. 

CoR. 2. When the point V is brought indefinitely near to 
P, QQ' coincides with the tangent to the parabola at P, and 
becomes also a tangent to the circle at P, since Q and Q' are 
indefinitely near to each other. The circle therefore becomes 
the circle of curvature at the point P. 

Hence if PR be drawn parallel to the tangent at P', or be 
equally inclined to the axis with PT, it wiU meet the parabola 
in the point where the circle of curvature at P intersects the 
parabola. 



PEOBLEMS ON THE PAEABOLA. 

^1; The diameter of the circle described about the triangle 
BA C is eq^ual tobAS. {See Jiff. Prop. III.) 

>2^ If from the point G, GKhe drawn at right angles to 
JSP, then PK = 2 AS. {See Jiff. Prop. VII.) 

3. If the triangle SPG is equilateral, then SPis equal to 
the latus rectum. (See Jiff. Prop. VII.) 

4. P^ is a common tangent to a parabola and the circle 
described on the latus rectum as diameter ; prove that SP 
and SQ make equal angles with the latus rectum. 

5. Prove that Pr. PZ= SP\ and that PY . YZ=AS. 
SP. (See Jiff. Prop. VII.) 

6. If PL be drawn at right angles to AP, meeting the 
axis in L, and PiV be the ordinate of P, then IfL = 4:^S. 

7. The tangent at any point P of a parabola meets the 
directrix and latus rectum produced in points equally distant 
from the focus. 

8. Prove that -2^*7= TY, and that TP.TY^TS. TN. 
{See Jiff. Prop. VII.) 

9. If a circle be described about the triangle SPN, the 
tangent to it from A = ^PN. {See Jiff. Prop. VII.) 

10. If the ordinate of a point P bisect the subnormal of 
P', the ordinate of P is equal to the normal of P'. 

11. If from any point on the tangent to a parabola a line 
be drawn touching the parabola, the angle between this line 
and the line to the focus from the same point is constant. 
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12. A circle and parabola have the same vertex and axis. 

BA' C is the double ordinate of the parabola which touches 

the circle at A\ the extremity of the diameter through the 

vertex A. PP* is any other ordinate of the parabola parallel 

to this, meeting the axis in JT, and AB produced in JS; 

prove that the rectangle RP . RP is proportional to the 

square of the tangent drawn from N to the circle. 

• 

13. Draw a parabola to touch a given circle at a given 
point, and such that its axis may touch the same circle in 
another given point. 

14 If from the point of contact of a tangent to a parabola 
a chord be drawn, and another line be drawn parallel to the 
axis meeting the chord, tangent, and curve, this line will be 
divided by them in the same ratio as it divides the chord. 

15. If the diameter PF meet the directrix in 0, and the 
chord drawn through the focus parallel to the tangent at P in 
F, prove that VP-=^PO. 

16. Prove that the locus of the intersection of a diameter 
PF with the chord drawn through the focus parallel to the 
tangent at P is a parabola. 

17. If a circle and parabola have a common tangent at P, 
and intersect in Q and R ; and Q F, UR be drawn parallel 
to the axis of the parabola meeting the circle in F and U 
respectively, then F CT is parallel to the tangent at P. 

18. -4 P and AG are two lines at right angles to each 
other. From a fixed point G on AC, GR is drawn parallel 
to AB. OnAR, produced if necessary, P is taken such that 
the perpendicular PN uipon A Bis equal to GR. Prove that 
the curve traced out by P is a parabola. 

19. If from a point P of a circle PG be drawn to the 
centre; and R be the middle point of the chord PQ drawn 
parallel to a fixed diameter A GB, then the curve traced out 
by the intersection of GP and ^ P is a parabola. 

20. If two equal tangents OQ, Q\ be cut by a third 
tangent, their alternate segments are equal 
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21. E is the centre of the circle described about the triangle 
O Q Q'. Prove that the circle described about the triangle 
QEQ* will pass through the focus. {See fig. Prop, XIIl.) 

22. P8p is any focal chord of a parabola. Prove that ^P, 
Ap will meet the latus rectum in two points Q, j, whose 
distances from the focus are equal to the ordinates of p 
and P. 

23. PSp is a focal chord of a parabola, RDr the directrix 
meeting the axis in D ; and Q any point on the curve. Prove 
that if QP, Qp be produced to meet the directrix in R, r, half 
the latus rectum is a mean proportional between DB, Dr. 

24 OP and OQ etre two tangents to a parabola. On QO 
produced, Q' is taken equal to OQ ; prove that 08 . PQ = 
OP. OQ. 

25. If ^D be drawn at right angles to the diameter PV, 
thenQi>' = 4^/S.PF; 

26. If through any point on the axis of a parabola a 
chord POQ be drawn, and PM, QN be the ordinates of the 
points Pand Q, prove that AM . AN^ A 0\ 

27. If -4P and -J Q be drawn at right angles to each other 
from the vertex of a parabola^ and PJf, QiVbe the ordinates 
of P and Qy prove that the latus rectum is a mean proportional 
between J[ Jf and AN. 

28. OAPis the sector of a circle whose centre is 0. If 
the radius OA remain fixed while the angle A OP changes 
the centre of the circle inscribed in the sector, A OP will trace 
out a parabola. 

29. QSQ' is a focal chord parallel to AP; PiV, QM, 
Q'M' Bxe the ordinates of P, Q, and Q\ Prove that 8M^ 
= AM . ANand that MM' = AP. 

30. PQ, PQ' are drawn from any point P cutting the 
ordinates Q' V\ QVinR' and R, prove that VR is to T^' 
in the triplicate ratio of QVU> Q' V\ 
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31. On a chord of a parabola as diameter a circle is described 
cutting the parabola again in two points. If these points be 
joined, the portion of the axis between the two chords is equal 
to the latus rectum. 

32. If OQ, (?' be a pair of tangents to a parabola, and 
the chord QQ' he sl normal to the curve at Q, then 0^ is 
bisected by the directrix. 

33. Two equal parabolas having the same focus and their 
axes in contrary directions intersect at right angles. 

34. The radius of curvature at the extremity of the latus 
rectum is equal to twice the normal. 

35. If from any point P of a parabola PF and Pff be 
drawn making equal angles with the normal FG, then SG^ = 
8F. SK 

36. If a triangle be inscribed in a parabola, the points when 
the sides produced meet the tangents at the opposite angles 
are in the same straight line. 

37. If the tangents OQ, OQ' be cut by a third tangent in 
Rj R\ prove that 

OBiBQr.R'Q': OR. 

38. If from the vertex of a parabola chords be drawn at 
right angles to one another, and on them a rectangle be 
described, the curve traced out by the further angle is a 
parabola. 

39. Prove that 2PF is a mean proportional between AF 
and the chord of the circle of curvature at the point P of the 
parabola drawn through the vertex A. {See fig. Prop, VII.) 

40. If a circle described upon the chord of a parabola as 
diameter meet the directrix it also touches it, and all chords 
for which this is possible intersect in a point. 

41. If a parabola roll upon another equal parabola, the 
vertices originally coinciding, the focus traces out the 
directrix. 

42. The circle of curvature at the extremity of the latus 
rectum intersects the parabola on the diameter of curvature 
passing through the point of contact. 



CHAPTEE II. 



THE ELLIPSE. 



22. Def. The Ellipse is the curve traced out by a point 
which moves in such a manner that its distance from a given 
fixed point continually bears the same ratio, less than unity, 
to its distance from a given fixed line. {See Introduction.) 

Prop. I. 

The focus, and directrix of an ellipse being given, to find 
any number of points on the curve. 

Let 8 be the focus, and MX the directrix. 

Draw aS'X at right angles to the directrix, and divide SX 
in the point A, so that 8 A may be to -4 JTin the given fixed 
ratio less than unity ; then 

A is sl point on the curve. 

On JCS produced take a point A ', such that 

SA' : A'X :: SA : AX; 

then A' will also be a point on the curve. 

On the directrix take any point M ; and through M and S 
draw the line MYSY' meeting AY and A'Y\ drawn at 
right angles to ^-4' in the points F and Y\ 

On YY' as diameter describe a circle, and draw MPP^ 
parallel to AA\ cutting the circle in the points P and P' \ 

P and P' will be points on the ellipse. 
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Join FT, PT, SP; then since 

8Y : YM :: SA : AX, {Eudid.YL 2.) 

and 8Y' : YM :: S4' : ^'J^ {JEudid, VL 2.) 

.-. SY : YM :: SY' : YM; 

or^ alternately, 

iSF : ST :: Fif : YM, 

and the angle FP F in a semicircle is a right angle, 

.-. PF bisects the angle 8PM* 

.\ 8P: PM :: 8Y : YM, 

:: SA : AX. 
Ho we may show that 

SP : P'M :: SY : YM, 

:: SA : AX, 

.'. P and P' are points on the curve. 

* For, if not, make the angle YPs eqoal to TPM ; then 

8Y : YM :: sP : PM. (Euclid, VI. 8.) 

And since, i( PY biaect aPM, P Y', being at right angles to P Y, also bisects 
the angle aPM', 

,\ 8Y' I Y'M :: »P : PM, {Euclid, VI. A.) 

Hence sY : YM i: sY' : Y'M, 

orsY : aY' :: YM : Y'M, 

. '. the points S and a coincide. 
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• In the same way, by taking other points on the directrix, 
we may obtain as many more points on the curve as we 
please. 

Cor. 1. Since, corresponding to every point P on the curve, 
there is a point P* situated in precisely the same manner with 
respect to -4' JT' as P is with respect to A Y, it is clear that 
if we make A'S^ equal io AS, and A'X' equal to AX^ and 
draw X'M' at right angles to AX\ the curve could be equally 
well described with S' as focus and MX' as directrix. 

The ellipse is therefore symmetrical, not only with respect 
to the line AA\ but also with respect to the line OC drawn 
through the middle point of YY' at right angles to and 
bisecting A A*. 

Cor. 2. The line OP will bisect the angle SPS\ 

Let OP meet SS' in G. Produce MP to meet X'M' in 
M\ and draw OM' passing through the focUs S' ; then 

SP : PM :: S'P : PM\ 

or, alternately, SP : S'P :: PM : PM\ (1) 

Again, Sa : PM :: S'G : PM\ 

or, alternately, SO : S'G :: PM : PM\ (2) 

.-. from (1) and (2) 

SP : S'P:: SG : S'G, 

.-. PG bisects the angle SPS\ {Euclid, VI. 3.) 

It will be shown hereafter {Prop, XI.) that the normal 
to the ellipse at the point P also bisects the angle SPS\ 
Hence the ellipse and circle have the same tangent at the 
point P. 

The ellipse wiU consequently touch all the infinite series 
of circles which can be described in the same manner as the 
one in the figure by taking different points on the directrix. 



1 
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Prop. II. 

23. If C be the middle point of AA', then CA is a mean 
proportional between CS and CX, 

or OS . CX = CA\ {See fig. Prop. III.) 
Since 5"^' : A'X :: SA : ^X 

Alternately SA' \ SA :: A'J v AX, 
.-. -S^' + 5.^i : >S^ :: AX + ^X : AX; 
ox A A' : SA :: XX' i AX, 
.: AA' : XX' :: SA -AX, 
or CA : CX :: SA : AX. <1)* 

Again, -S"^' : SA :: A'X : ^Xj 
.-. SA' - SA : SA r. A'X - AX : AX; 
or SS' : SA :: ^^' : AX.. 

Alternately SS' : AA' :: SA : AX; 

or CS : C^ :: /S.4 : AX. (2) 

Hence from (1) and (2) 

CA : CX :: CS : CA, 
.-. CA^ = CZ . CS; 
or C.4 is a mean proportional between C8 and CX. 

CoK. Since the three lines CS, CA, CX are proportional, 
therefore, by the definition of duplicate ratio and Eudid, 
VI. 20 Cor. 

CS : CX : CS^ : CAK (3) 

Prop. III. 

24. If P be any point on the ellipse, then 

SP+S'P=-AA'. 

• N.B. The results (1), (2), (3) should be remembered, as they will 
freiiuently be referred to. 
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Since 8P:PM:: 8A : AX, 
and 8A : AX :: AA' : XX, {Prop. II.) 
.'. SP : PM ::• AA' : XX\ 
So 8T:PM'::AA' : XX\ 
.-. 8P+ 8'P:PM+ PM' :: A A' : XX\ 
But PJf 4 PM' = Jlfilf' = XZ', 
.\8P+8'P=AA\ 

Cor. 1. By means of this property the ellipse maybe prac- 
tically described and the form of the curve determined. 

Let a string, equal in length to AA\ have its ends fastened 
to two points 8 and 8' ; and let it be kept stretched by 
means of the point of a pencil at P; then since 8P-h yS'P 
wiU be always equal to A A', the point P will trace out the 
ellipse. 

CoR. 2. The line A A' is the longest line that can be drawn 
in the ellipse. 

For, if any other line PQ be drawn, then 

8P + 8Q>PQ, 

md8'P+8'Q>PQ, 
.-. 8P+ 8'P+ 8Q + 8'Q > 2PQ, 

or AA' > Pq. 

25. Def. If BGS be drawn at right angles to AGA! , 
meeting the ellipse in B and JB', it will be seen further on 
{Prop. XIII. Cor. 2) that BOB' is the shortest chord that 
can be drawn through the czntrc of the ellipse. (8ce fig^ 
Prop. IV.) 

D 
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-4-4' is called the Major Aids and BB' the Minor Axis of 
the ellipse. 

In most geometrical treatises the ellipse is defined as the 
curve traced out by a point which moves in such a manner 
that the sum of its distances from two fixed points is always 
the same ; but it appears that the properties of the curve are 
more clearly exhibited by defining it in a manner analogous 
to the parabola, and deducing immediatdy from that definition 
the property in question. 

Having now shown that one definition necessarily includes 
the other, we are at liberty in our future investigations to 
make use of whichever property is most convenient. 

Prop. IV. 

26. If B be the semi-minor axis of the ellipse, then 

BC^^ CA^--C8^; 
and if 8L be the semi-latus rectum, 

8L.AG:=:^BCK 




Join SB, S'B; then 

since SB 4- S'B 

and that SB 

.-. SB 
But -B (72 

.'.BC^ 



AA\ 
S'B, 
AC, 
SB^ 

CA^ 



(Prop. III.) 



CS^ 
CS\ 



CONIC SECTIONS. 



35 



Again, 8L : jS-X" :: BA : AX, 

:: CS: CA, {Prop. II) 
.-. SL.AG= 08. SX, ^ 

^ CS.CX^ C8^, {Eudid, 11. 3,) 
= OA^ - G8\ {Prop, 11.) 



Prop. V, 

27. The sum of the distances of any point from the foci 
of an ellipse will be less or greater than A A according as 
the point is inside or outside the ellipse. 




(1) Let Qhe Si point inside the ellipse. 

Join 8Q, 8'Q ; and produce 8Q to meet the ellipse in P ; 
join 8'Py then 

since 5'P+ QP> S'Q, 

.\8'P+8P>8'Q + 8Q. 
But S'P+SP^AA, {Prop. III.) 
.\8Q + 8Q'<AA. 

(2) Let Q' be a point outside the ellipse. 

Join 8Q, 8'Q, and let 8Q meet the ellipse in the point P; 
join 8'P; then 

since 8'Q+ QP> 8'P, 

.-. S'Q + 8Q>8P+8T, 

But SP-hB'P^-AA, {Prop. Ill) 

.'.8Q+8'Q>AA. 

D 2 
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Cor. Conversely, a point will be inside or outside the 
ellipse, according as the sum of its distances from the foci is 
less or greater than AA. 

28. Def. If a point P' be taken on the ellipse near to P, 
{see fig. Prop. VI.) and PP* be joined, the line PP produced, 
in the limiting position which it assumes when P' is made to 
approach indefinitely near to P, is called the TangeifU to the 
ellipse at the point P. 



^.Peop. VI. 

If the tangent to the ellipse at any point P intersect the 
directrix in the point Z, and if 8 be the focus corresponding 
to the directrix on which Z is situated, then 8Z will be at 
right angles to 8 P. 




Let P be a point on the ellipse near to P. 

Draw the chord PP\ and produce it to meet the directrix 
in Z] join 8Z. 

Draw PM, P'M! at right angles at the directrix, and joiD 
8P, 8P'. 
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Produce F8 to meet the ellipse in the point Q ; then since 
the triangles ZMP, ZM'P' arb similar, 

.-. ZF : ZP' :: MP : M'P\ 

:: SP : 8P\ 

.'. /SZbisects the angle P'SQ. (Euclid, VI. Prop, A.) 

Now when P' is indefinitely near to P, and PP" becomes 
the tangent at the point P, the angle P8P becomes inde- 
finitely small, while the angle QSP" approaches two right 
angles; and therefore the angle Z8P being half of the 
angle P'8Q, becomes ultimately a right angle. 

Hence when PZ becomes the tangent at the point P, 
the angle Z8P is a right angle, 
or 8Z is perpendicular to 8P, 

Cob. 1. Conversely, if 8Zhe drawn at right angles to 8P, 
meeting the directrix in Z, and PZ be joined, PZ will be the 
tangent at P. 

Cor. 2. If ZP be produced to meet the other directrix on 
the point Z^ and S'Z' be joined, then 

S'Z[ is at right angles to 8'P 

CoR. 3. The tangents at the extremities of the latus rectum 
or double ordinate through the focus meet the axis produced 
in the point X 




Jaop. VII.' 
pse at any point j? makes equal 
angles with the focal distances £^Pand 8 P. 

Let the tangent at P meet the directrices in Z and Z\ 

Draw MPM' at right angles to the directrices, meeting 
them in 2f and M' respectively ; join SZ, S'Z' ; then 

8P-. PM :: 8'P : PM ; 

and since the triangles MPZ, M'PZ', are similar, 

. PM: PZ :: PM' : PZ\ 

.-. SP : PZ :: 8'P : PZ'. {Ex OB^udl) 
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Now in the triangles 8PZ, 8'PZ', because the sides about, 
the angles 8PZ, 8'PZ' are proportional, and the angles PSZ, 
PS' Z' are equal, being right angles, and the angles SZP^ 
8'Z'P are each less than a right angle, 

.•.the triangles 8PZ bjiA. 8'PZ a.ve similar, {Euclid, VI. 7) 
.-. the angle 8PZ = the angle 8'PZ\ 

Coji. If /8"P be produced to TF; then 

the angle 8PZ = the angle WPZ. 



Prop. VIIL 






The tangents at the extremities of a focal chord intersect 
in the directrix. 

Let PSQhQ a focal chord, and let the tangent at Pmeet 
the directrix in Z. 

Join SZ ; then 
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the angle Z8P is a right angle, {Prop, VL) 

and .'. also the angle Z8Q is a right angle, 

.*. ZQia the tangent at Q ; (Prop. VI. Cor. 1) 

or the tangents at the extremities of a focal chord inteisect in 
the directrix. 

Peop. IX, 

29. If the tangent at P meet the axis major produced in T, 
and PN be the ordinate of the point P, then 

CT . CN= GA\ 




Draw MPM' parallel to the axis major meeting the direc- 
trices in M and M' ; and produce 8'P to W; then, since PT 
bisects the angle 8PW, (Prop. VII. Cor.) 



S'T : 8T : 



S'P : 8P, (Mclid,Yl.A.) 
PM' : PM, 

X'N : XN, 



.-. S'T+ 8T '. S'T - 8T :: X'N + XN : X'N - XN; 
or 2GT : 2C8 :: 2CX : 2CN, 
or CT : C8 :: CX : CN, 
,-. CT . CN = C8 . CX, 

= CAK {Prcp.n.) 
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Prop. X. 

If on the major axis of an ellipse as diameter a circle 
be described and a common ordinate NPQ be drawn meeting 
the ellipse in P and the circle in Q, then the tangents to the 
(ellipse and circle respectively at the points P and Q will meet 
the major axis produced in the same point. 




Let the tangent to the ellipse at P meet the major axis 
produced in T; join CQ, QT; then, by the last Proposition, 

CT . CN ^ CA^ = CQ\ 

.-. the angle CQTv& a right angle. 

And therefore QTi'& the tangent to the circle at ^; or the 
tangents at P and Q meet the major axis produced in the 
same point T. 

The circle described on A A' as diameter is called the 
AuocUiary Circle on account of the important aid that it 
affords in investigating the properties of the ellipse. 

30. Def. The line P6?, drawn at right angles to the tangent 
PT, is called the Normal to the ellipse at the point P. 



Prop. XI. 



> 



If the normal at P meet the major axis in the point G ; 
then 

SO : SP :: 08 : CA, 



CONIC SECTIONS. 



41 




T 



S N (^ C 



S' A' X' 



Since P(? is at right angles to TPt, 

.-.the angle OPT = the angle OPt 

But the angle SPT=: the angle S'Pt, (Prop. VII.) 

.-. the angle SPG = the angle S'PG, 

or PO bisects the angle 8PS\ 
.-. SG : S'G :: SP : S'P, {Euclid, VI. 3.) 



.-.SG : SG + S'O : 


; SP : SP+S'P; 


^or 8G : SS' :: 


8P : AA' ; 


or SG : SP : 


; SS': AA'; 


01 SG : SF :: 


, OS : CA. 


Cor. Hence also. 




S'G : S'P 


V. CS : CA. 


Prop. 


XII. 



31. If the normal at P meet the major axis in G, and PiV" 
be the ordinate at the point P, then (see fy. Prop. XI.) 

NG : NO :: .BC" : AC. 

Draw MPM' parallel to the axis meeting the directrices in 
M and M' ; join SP, S'P ; then, since PG bisects the angle 
SPS', {Prop. XL) 



.-.S'G : 8G 



.-.S'G-SG-.S'G + SG 



S'P : SP, 
PW : PM, 

X'N : XN, 

X'N-XN : X'N+XN; 



or 2CG : SS' :: 2CN : XX'. 
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Alternately, 20^0 : 20 N 

or Ca : CN 

.-. CN'-GG : CN 

or NG : CN 



88' : ZZ' ; 

C8 : CX, 

CS" : CA\ (Prop. IL Gor.y 

CA'-'CS^ : CA'; ^ 

BC : AC'. . 



- Prop. XIII. 

32. If PJV be the ordinate of any point P on the ellipse ; 
then 

FN' ; AN . A'N :: BC : ^C«. 




N G a 



Produce NP to meet the auxiliary circle in the point Q, 
and draw the tangents FT, QT meeting the major axis pro- 
duced in the point T. (Prop, X) 

Join CQ, and let the normal at P meet the ellipse in G 
then, by the last Proposition, 

NO : CN :: BC^ : AC 

And rectangles of the same altitude are to another as their 
bases 

.-. TN . Na : TN . CN :: BC^ : AC; 

or PIT : QN* :: BC : AC. {Eudid, VI. 8, C(rr) 

"BMiQlP^AN . A'N, 

since the angle AQ A' in & semicircle is a right angle, 

.-. PIP '. AN . A'N :: BC : A C 

COE. 1. Also PN : QN ■.-.BO : A 0. 

This result is the basis of many of the future Propositions 
of the ellipse. 



■■^i«l 
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Cob, 2. Since FN' : QJST :: £C : AC*, 

.-. PN* : AC - CiP :: BC* : AC*, 

.'. PIP : AC* - CN*- PN* :: PC* : AG* - PC*, 

or PN* : ^C™ - GP* :: 5C" : .4 0" - 5C". 

Now PIP J3 always less than £ G*, 

.'. OP* is greater than PC*, 

. '. PC is the shortest line that can be drawn to the ellipse 
from the centre. . ; 



peop. xrv. 



o^'-"'  



If the tangent at any point P of an ellipse meet the 
minor axis CB produced in t, and Pn be drawn at right 
angles to CB; then 

Ct.Cn:=rBC% 




Draw the common ordinate NBQ to the ellipse and the 
auxiliary circle; and let the tangents at P and Q to the 
ellipse and circle respectively meet the major axis produced 
in T (Prop, X.) and the minor axis produced in t and U, 

Join GQ meeting Pn in B; then since PB is parallel 
to ON-, 

OB : CQ :: PN : QN. 

:: BC : AC. (Prop. XIIL Cor. 1.) 
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But OQ=^AC, 
.•.CB^BC. (1) 
Again, joining Bt, 

at : CU :: PN : QIT, 
:: GB : CQ, 
.'. Btia parallel to QU, 
. '. CBt is a right angle, 
.-.Ct . Cn=CB^ (Euclid, VI. 8, Cor.) 

But CB = BC, (1) 
.-. Ct . Cn = BCK 

This proposition also admits of a demonstration similar to 
that given for the corresponding property of the hv|2i$rbola. 



Prop. XV. 






33. If from the foci S and ^Sf', SYani S' F' are drawn at 
right angles to the tangent at P, then Y and F' are on the 
circumference of the auxiliary circle, and 

SY . S'T = £CK 
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Join SP, S'P.ani produce SYmd S'P to meet in W; 
and join OT; then 

since tiie angle 8PY=: the angle WPT, {Prop. VII. Cm:) 
and the angle >SfPP = the angle WYP, 
and the side PTia common to the triangles SPY, WPY, 
. '. the triangle SPY = the triangle WPYia aU respects, 

. •. iSrp = p JT, 

.-. SP + S'P = S'W. 
Bxit8P + S'P = AA', (iVqp. III.) 
.-.S'W-AA'. 

Again \-SC=8'C and /SF= Z^r, 

.: 8C : S'C :: Sr : YW, 

.'. CF is parallel to ^'»^ 

.-. CY : 8'W :: CS : SS', 

.: CY=\S'W^CA. 

So CY'=C A. 

.'. Y and Y' are points on the auxiliary circle. 

Next let YS be produced to meet the auxiliary circle in 
Z, and join Z F' ; then 

since the angle ZYY' is a right angle, 
.-. ZY' passes through liie centre C, 
. •. the angle SCZ = the angle S'CT, 
,\ SZ^S'Y\ 
.-. SY . S'T ^SY . SZ, 

^AS. A'S, (Euclid, III. 35) 
= CA^ - CS\ {Euclid, 11. 5) 
= £C^ (Prop. IV.) 

CoR. If CD be drawn parallel to the tangent at P, meeting 
S'P in jg ; then 
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since the figure CYPE is a parallelogram^ 
.-. PE^CY^AC. 



Prop. XVL 

34. To draw a pair of tangents to an ellipse £rom an 
external point 0. 




With centre S' and radius equal to -4-4' descnoe a circle. 

Join OS, OS' ; and let SO or S'O produced meet the circle 
in the point /. 

Now, if be a point outside the circle MIM\ it is evident 
that OS is greater than 01; and if be inside the circle, 

smceOS+OS'>AA'oTS% (Prop.Y,) 
.\ OS>OL 

"With centre and radius OS describe another circle 
cutting the former in the points M and M\ which it will 
always do, since OS is greater than 01. 
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Join S*M, S^M'y meeting the ellipse in the points P and P'. 
Join OP, OP' ; these will be the tangents required. 
Join SPj SP' ; then, since 

SP + ST ^ AA' ^ S'M, . 
.-. SP = PM. 
And ••• SP, PO = MP, PO, each to each, 
md OS =0M, 
.-. the angle OPS = the angle 0PM, 
.'. OP is the tangent at P. (Prop. VII. Cor.) 
So OP' is the tangent at P'. 

Prop. XVIL 

If from a point a pair of tangents OP, OP' be drawn 
to an eUipse, then OP and OP' will subtend equal angles at 
either focus. 

Join SP, ST; SF, ST'; and produce ST, S'T to M 
and M', making PM equal to SP, and TM' equal to i/P. 

Join OM,OM'; OS,OS\ 

Then since OP, PS = OP, Pif, each to each. 

and the angle OPS = the angle 0PM, {Prop. VIL Oor.) 

.'. OS^OM, 

and the angle OSP = the angle OMP. 

So 0/S = 0M\ 

and the angle OST = the angle OilfT', 

.-. OM^OM\ 

Again, •.• flf'Jlf = STr^8P=AA\ 

and /S'JIf' = S'T + ST ^ AA\ 

.'.S'M^S'M\ 

And •.• 0S\ S'M = OiSf^ S'M', each to each, 

andOilf=^Oif', 

.-. the angle OS'M:^ the angle OS'M\ 

and the angle OMS' = the angle OiTfif'. 
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But the angle OMS' = the angle 08P, 
and the angle OM'S' = the angle OSP, 
.-. the.angle 08P =^ the angle i)8P\ 
,\ OP and OP' subtend equal angles at either focus. 

Prop. XVIII. 

35. If from an external point a pair of tangents OQ, 
OQ' be drawn to an ellipse, and CO be joined meeting the 
chord QQ' in V, and the ellipse in P ; then 

(1.) QQ' wiU be bisected in V. 

(2.) The tangent at i? will be parallel to QQ'. 

(3.) CP will be a mean proportional between CVand CO, 




Produce OQ, OQ' to meet the major axis produced in T 
and T\ 

Draw the ordinates NQ, N'Q', and produce them to meet 
the circle in j and q\ 
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Then Tq and.Ty will be tangents to the auxiliary circle. 
{Prop. X.) 

Let Tq and T'q be produced to meet in o ; join Co meeting 
the chord q^ in v, and the circle in^. 

. Now, since the corresponding ordinates of the ellipse and 
auxiliary circle are in the constant ratio oi BC to AC, the 
three lines ol,pm, vn drawn at right angles to A A' will pass 
through the points 0, P, V respectively. 

For, according as is the point where ol meets TQ ov 
T'Q' we shall h9,ve. 

10 : lo :: NQ : Nq, 

:: BC : AC; 

OT 10 : lo :: N' Q' : N'q\ 

:: BC : AC, 

.*. Oo is perpendicular to AA\ 

So Pp and Vv are perpendicular to AA\ 

.*. Go, Pp, Ft; are parallel. 

Hence (1.) QV : VQ' :: qv : vq\ 

But qv = vq' from the circle, 

.-. QV=^ VQ'; 

or QQ' is bisected in F. 

(2.) Since NQ : Nq :: N'Q' : N[q' 

it is evident that QQ' and qq' will meet the axis produced in 
the same point. 

Also the tangents to the ellipse and circle at P and p 
Tespectively will meet the axis ill the same point. 

Now in the circle the tangent at p is manifestly parallel to 

and NQ : Nq :: mP : mp, 
.'. the tangent at P is parallel to Q Q\ 

(3.) If Cq be joined, since the angle Cqo is a right angle 
and Co is perpendicular to qq, < 

,', Cv : Cq :: Cq : Co, {Euclid, VI. 8 Co7\) 

or, since Cq = Cp, 

Cv : Cp :: Cp : Co. 

E 
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But Ov : Cp :: CV : CP, 

and Cp : Co :: CP : CO, 

.\ CV : CP:: CP : CO, 

.'. CO . CV ^ CP'-. 

Cor From this it is manifest that if any number of chords 
be drawn parallel to each other in an ellipse, their middle 
points will all lie on the line drawn from the centre to the 
point where the tangent parallel to the chord meets the 
ellipse. 

Def. The line PCP' drawn through the centre of an 
ellipse and meeting the curve in P and jP, is called a Dianieter. 

The diameter consequently bisects all chords parallel to 
the tangents at its extremities; and the tangents at the 
extremities of any chord will intersect the diameter corre- 
sponding to that chord in the same point. 

36. Dep. If CD he drawn parallel to the tangent at F, 
then CD is said to be conjiigaie to CP. 



Prop. XIX. 

In the ellipse if CD be conjugate to CP, then will CP be 
conjugate to CD. 




Draw the ordinates PN, Dli, and produce them to meet 
the auxiliary circle in the points p, d. 

Join CP, Cp; CD, Cd; and draw the tangents TP, Tv; 
T D, Td. 

Now, since CD is parallel to PT, 
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.'. the triangle PN2^ is similar to the triangle DB C. 
.-. TN : CR :: PN : DB, 

r. Np : Bdy {Prop. XIII. Cor) 

.'. y^? is parallel to Cd, 

. *. the angle J? Cd is a right angle, 

..•. Cp is parallel to T^d, 

.'. the triangle ^C^y is similar to the triangle dTR, 

s, NG : Br :wNp : Bd, 

:: NP: BD, 
.-. CP is parallel to i> r', 
.'. CPis conjugate to CD. 

Cor. Since CRd and ONp are each similar to dRT\ 
(Uuclid, VI. 8) 

.'. the triangle CBd is similar to the triangle C2^p, 

and the side Cd = the side Cp, 

. •. the triangle CBd = the triangle CNp in all respects, 

.\CN=Bd, and CB = Np. 

Hence DB : CN :: DB : Bd, 

:: BC : ^C; 
alsoPiV: CB :: PA^ : JV^, 

:: BC : AC. 



Trov. XX. 

37. If CP and CD be conjugate semi-diameters, and PN, 
DB he the ordinates of the points P and D ; then 

(1.) CN' + CR' = AC\ 

(2.) PiT + i>J2' = BC\ 

(3.) C7P^ + ai>' = ^C* + ^£71 

E 2 



/ 
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BQ 

BG* 

BG* 



AC, 

AG\ 

AG*, 



Produce NP, BD to meet the auxiliary circle in the points 
p, d ; then 

CN = Bd, (Prop. XIX. C&r.) 
.-. CN* + GB* = Bd* + GR\ 

= Cd\ 

= GA\ 

Again, PN : Np 

.-. PW : Np* 

So DB* : Bd* 
.-. PN* + DB* : Np* + Bd* :: BG* : AC*; 
but Np* + Bd* = CB* + GN*, 

= AG*, 
.-. PN* + DB* = £C», 
and CiV" + CB* =^ A G*, 
.-. OP" + CD* =- AC* + BG*. 

38. Dep. a line Q V drawn parallel to the tangent at V, 
and meeting GP in V, is called an Ordinate to the diameter 
GP. 

Prop. XXI. 



If QF"be any ordinate to the diameter PGP", and CD k 
conjugate to CP; then 

QV* I PV . P'V :: CD* : GP*. 
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Draw the tangent ZZ^PT meeting CP and CI) produced 
m U aadW; and draw QB parallel to CF, meeting CD in JR. 

Now, since CB : CD .: CD : G W, {Prop. XVIII.) 

.-. CB^ : GD^:: CB : CW, (Euclid, YI. 20 Cor.) 
or QV^ : GD^ :: UV : GU. 




Again, 

since CC : CP :: CP : CV, 

.-. GU : GV :: GP*'-. CP, 

.-. CU-GV : CIT:: GP" 



{Prop. XVIII.) , ' 
{Exi£m,YL.'20Goi'.) 
 GV* : GP', 



! I 



or UV : GU :: PF . PT : CP". 
Hence ^F* : CD' :: PF . P-F : GP", 
or $P : PV . P'V :: CD' : GP\ 



Prop. XXII. 



39. The area of any parallelogram formed by drawing 
tangents to an ellipse at the extremities of a pair of conjugate 
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diameters is equal to the rectangle contained by the axes of 
the ellipse. 

Let PCF, DCD' be a pair of conjugate diameters, and 
let a parallelogram be formed by drawing tangents at the 
points P, P', U,D\ 




Let the tangent at P meet CA produced in T) Join D'T. 

Draw the ordinates PNy DR, D'R'; then since PT is 
parallel to CD', the parallelogram PB' is douHe the trianorle 
CTD\ and therefore equal to the rectangle contained by GT 
and D'R\ 

Now D'R' : CN :: BC : A C, {Prop. XIX. Cor.) 
.-. CT , lyR' : CT . cur :: BC : AC, {Euclid, VL L) 

:x BC . AC I AC\ {Euclid, VL 1.) 
But CT . CN ^AC\ 
.\ CT . D'R' ^AC . BC, 
.*. the parallelogram LU = 4: the parallelogram PD\ 

^4rAC.BC, 
= AA' . PP'. 



CONIC SECTIONS. 
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Cor If PF be drawn at right angles to D CD' meeting 
CD' in F', then 

PF . CD' = area of parallelogram PD\ 
^AC.BC, 



Peop, XXIIL 

40. If CP and CD be conjugate diameters, aud PF be 
drawn at right angles to CD meeting CA in (?, then 

PF, PO^BC\ 




Draw tlie ordinate PN, and iirodnce it to meet CD' in K, 

Aho draw Pn at ri<^ht angles to CB, and let the tangent 
at P meet CB produced in t 

Now since the angles at .Wand i'^are right angles, it is 
evident that a circle- may be described about the quadrilateral 
figure NKFG ; 

.-. PO . PF= PN. PK, (Euclid, III. 36 Cor,) 

= Ct . Cn, 
= BCl {Prop, XIV.) 
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Pkop. XXIV. 

41. If Pbe auy point on the ellipse, and CD be. conjugate 
to OP, then 

8P . 8'P = GDI 




Draw the normal PG and produce it to meet CD' in F; 
then since GJ)' is parallel to the tangent at P, 

.-. PP is at right angles to Oi)', 

.•.PF.GD = AG.BG, (Prop. XXIL Gor) 

&nd PF . pa = BC^ = BG . B C. {Prop XXIII.) 

.-. CD: PO:xAG:BG. (1) 

Again, SP: 8G:: GA : GS, ^ {Prop. XL) i 

8'P: 8'G :: GA: G8. {Prop. XI.) 

Compounding 8P . 8'P: SGf . 8'G :: GA'- : G8\ 

.-. 8P. S'P: 8P. 8'P- 8G.. S'G :: CJ^ : GA^ - CSK 

But 8P. 8'P- 8G .8'G=' PG\ {Euclid, Yl. Prop. B) 

.•.8P.8'P:PG^::GA^:BG\ 

But from (1) GB^ : PG^ :: GA^ :BG 

.-. 8P. fi"P= GBK 

This proposition may also be very easily deduced from 
Prop. XV. 



vmiP 



mmma^mmmm 



W^ 



CONIC SECTIONS. 



6.7 



Prop. XXV. 



\^\<^ 



42. The area of the ellipse is to the area of the auxiliary- 
circle eu& BC to AC, 




Let FN and F'N' be two ordinates of the ellipse near 
together. 

Produce NP, N^P, to meet the isiuxiliary circle in Q 
and Of. 

Draw Pm, Qn,' perpendicular to Q'N\ 

Then 

the parallelogram PN' : the parallelogram QN" : : PN : QN, 

::BC: AC. 

And the same will ba true for all tlie parallelograms that 
can be similarly described in the ellipse and auxiliary circle. 

Hence the sum of all the parallelograms inscribed in the 
ellipse is to the sum of all the parallelograms inscribed in the 
circle as BC to AC 

And this holds however the number of parallelograms be 
increased. 

But when the number of parallelograms is increased, and 
the breadth of each diminished indefinitely, the sum of the 
parallelograms inscribed in the ellipse will be equal to the 
area of the ellipse, and the sum of those inscribed in the 
circle to the area of the circle. Hence 

the area of the ellipse : the area of the circle :: BC : APy 
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43. Def. If with a i)oint on the normal at P as centre, 
and OP as radius, a circle be described touching the ellipse 
at Py and cutting it in Q\ then when the point Q is made to 
approach indefinitely near to P, the circle is called tlie Girclt 
of Curvature at the point P. 



Pi«H>. XXVL 

K Pffbe the chord of the circle of curvature at the point 
P of an ellipse, which pas3es through the centre ; then 

PH. CP=2 CI)\ 

Let Pr be the tangent, and PG the normal at the 
point P. 




With centre 0, and radius OP, describe a circle cutting the 
ellipse in the point Q. 

Draw BQW parallel to (7P, meeting the circle in W, and 
TP produced in B, 
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Also draw Q V parallel to PB, meeting the diameter PP" 
in V; then since JiP touches the circle at P, 

.■.IiQ.BW'= PB*, {Euclid, III. 36) 

OT PV.BW= QV\ 

BvAQV:PV,P'V:: CD*'. CP\ {Prop. XXI.) 

.-. PV. BfTiPV. PT.:: CD*: CP*. 

ox BW : P' V :: CD*: CP*. 

Now, when the circle becomes the circle of curvature at P> 
the points B and Q move up to, and coincide with P, and i^ 
lines BW zsA P^" become equal, while 

P'Y beeoxaes egoal to PP'rm%CP. 

H^asst, PH :,2CP '.: OB* : OP', 

:. PH.CP:2 CP* :: 2 CD' : 2CP', 

.-. PH. CP=^'i.CD*. 

Pbop. XXVII. 

If PZT'be the diameter of the circle of curvature at the 
point P of the ellipse, and PF be drawn at right angles to 
CD; then 

PU.PF=2CD*. 

Since the triangle PHU\a similar to the triangle PFC, 

..PU:PH:: CP:PF, 

.•.PU.PF=PH.CP, 

= 2CD*. (Pro/). XXVI.) 

Pbop. XXVIII. 

If PI be the chord of the circle of curvature through the 
focus of the ellipse ; then 

PI.AC=2CD*. 
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Let P7meet CD in E\ then, since the triangles PIU land 
PEF are similar, 

.-. PI : PU :: PF : PK 
But PE^AG, {Prop, XV. Cor,) 

.-. PI : PU :: PF : AC, 

..•. PI . ACr=PU . PF, 

= 2 (7i>«. (Pr(?p. XXVII.) 



PiiOP. XXIX. 

44. If two chords of an ellipse intersect one another, the 
rectangles contained by their segments are propoitional to 
the squares pf the (Eatneters parallel to them. 

Let POP' be any chord drawn through the point 0, and 
let CD be the semi-diameter parallel to it. 

Draw the ordinates NP, N'P\ MD, and produce them to 
meet the auxiliary circle in Q, Q\ D' ; then 

since NP : NQ :: N'P' : IT Q\ {Prop. XIIL C(yr) 

it is evident that PP' and QQ' will meet the axis produced 
in the same point T, 




MA' 



Also since NP : NQ :: MD : MD', {Prop. XIII. Cor,) 

and TPP' is parallel to CD, 
.-. TQQ' is paraUel to C'i)'. 
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Draw no parallel to NQ 
QQ'mO'i then 


or N'Q': 


, and 


produce 


it to 


meet 




PO 


: QO' 


:: TO : 


TO', 










and P'O 


•.Q'O' 


:: TO : 


TO', 










.-.PO . P'O 


: QO' 


. Q'O' :: 

* • 


TO" 
CD* 


: T0'\ 

:.. CD'\ 








m 




• • 

• • 


CD' 


: AC*. 







Alternately, PO . P'O : CD'' :: QO' . Q'O' : AG\ 

Again, if through the point any other chord pOp' be 
drawn, 

sincere r JSO' :: £0 : AC, 

it is manifest that the corresponding^ chord qq' in the auxiliary 
circle will pass through the point 0' ; and it' Cd be the semi- 
diameter parallel to pp' we shall have as before, 

pO . p'O : Cd* :: qO'' :" q'O' : AC\ 
But QO' . Q'O' =^qO' . q'0\ {Euclid, III. 35.) 
PO . P'O : CD' :: pd . i?'0 : Cd\ 
PO . P'O : pO . p'a :: C2)* : Cd\ 

The same result may be shown to be true when the point 
is without the ellipse; 



Prop. XXX. 

If Q VQ' be any ordinate to the diameter CP, the circle 
described through the three points P, Q, Q' will intersect the 
ellipse in a fourth point, which depends only upon the position 
of P. 

Draw the ordinate Plif, and produce it to meet the ellipse 
in P' ; then, since, if N'T be the subtangent of either P 
orP', 

CT . CN^A G\ {Prop. IX.) 

therefore the tangents at P and P' will meet the major axis 
produced in the same point T 
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Drg-w PR parallel to TP, meeting the ellipse in iZ, and 
QQ' m 0; then if CD and CD' be drawn parallel re- 
spectively to TP and TP\ meeting the ellipse in D and J)', 

PO . OP : QO . OQ' :: CD'* : CD\ {Prop, XXIX.) 

But CD' = CJ9, since CP' =, CP, 

.-. PO . OB^QO . 0Q\ 

Hence, by the converse of Uvclidj III. Prop, 35^ the point 
P is on the circle which passes through P, Q, Q\ 

Cor. When the point Fis brought indefinitely near to P, 
QQ' coincides with the tangent to the ellipse at P, and 
becomes also a tangent to the circle at P since Q and Q' are 
indefinitely near to each other. The circle therefore becomes 
the circle of curvature at the point P, 

Hence, if PP be drawn parallel to the tangent at P\ or be 
equally inclined to the axis with PT, it will meet the ellipse 
in the point where the circle of curvature at P intersects the 
ellipse. 



PEOBLEMS ON THE ELLIPSE. 

1. In what position of P is the angle SPS' greatest ? 

2. The latus rectum is a. third proportional to the axis 
major and axis minor. 

3. Construct on the axis minor as base, a rectangle which 
shall be to the triangle SLS' in the duplicate ratio of the 
major axis to the minor axis, L being the extremity of the 
latus rectum. 

4. If a series of ellipses be described having the same 
major axis; the tangents at the extremities of their latera 
recta will all meet the minor axis in the same point. 

5. Find the locus of the centres of all the ellipses having 
the same focus, and their major axes of the same length, and 
touching a given straight Una 

6. Given the foci, it is required to describe an ellipse 
touching a given straight line. 

7. If PT be a tangent to an ellipse, meeting the axis in T, 
and AP, -^'P, be produced to meet the perpendicular to the 
major axis through Tin Q and Q\ then QT ^ Q'l\ 

8. If the angle SBS' be a right angle, prove that 
CA'=:2CB\ 

9. If OP be a semi-diameter, and AQO be drawn parallel 
to CP meeting the curve in Q, and OB produced in 0, then 
2CP' = A0 , AQ. 

10. 1{ AB, CDy which are not parallel, make equal angles 
with either axis, the lines A G, BD, as also A D, BO, will 
make equal angles with either axis. 
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11. PSp is any focal chord. PA and pA are produced to 
meet the directrix in Q and a. Prove that the angle QSg is 
a right angle. 

12. If a circle be described touching the axis major in. one 
focus, and passing through one extremity of the axis minor ; 
A G will be a mean proportional between the diameter of this 
circle and BG, 

13. li PQQ'P' be a chord of the auxiliary circle, and a 
circle be described on the minor axis as diameter, cutting the 
chord in Q and^', then PQ . FQ= GS\ 

u y 

14. If PG be the normal at P, and GL be drawn at right 
angles to SP^ then PL = \ latus rectum. 

15. The sum of the squares of the tormals at the ex- 
tremities of conjugate diameters is constant. 

16. If on the normal at P, PQ be taken equal to the semi- 
conjugate diameter GD, the locus of § is a circle whose 
radius is j4 C — BG. 

17. Find the locus of the intersection of a pair of tangents 
at right angles to each other. 

18. P is any point on an Ellipse. To any point Q on 
the curve draw AQ, A'Q, meeting iV"P in B and S, and 
prove that iVi? . iV^/W = NP\ 

19. If PG be a normal, and GL perpendicular to 8P, the 
ratio of GL to PN^ is constant. 

20. If iVP produced meet the tangent at the extremity of 
the latus rectum in Q, then QJN'= PS. 

21. In an ellipse the tangent at any point makes a greater 
angle with the focal distance than with the perpendicular on 
the directrix. 

' 22. A diameter of an ellipse, parallel to the tangent at any 
point, meets the focal distances of the point,. and from the 
points of intersection lines are drawn perpendicular to the focal 
distances. Prove that these lines intersect in the axis minor. 

23. The subnormal is a third proportional to CT and BG. 
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24. If PiV^be the ordinate of P, prove- that iV^F : iVF' :: 
ITiPT. {See fig. Prop, XV.) 

25. If from (7 lines be drawn parallel and perpendicular to 
the tangent at P, they, inclose a part of one of the focal 
distances of that point equal to the other. 

26. If P be a fixed point on an ellipse, and QQ' an 
ordinate to CP, the circle QPQ' will meet the ellipse in 
a fixed point. 

27. P is any point on an ellipse. Draw PF parallel to the 
axis ^lajor, and through P'.draw P' Q, P'Q\ making equal 
angles with the major axis. Join QQ' ; then QQ' is parallel 
to the tangent at P. 

28. What parallelogram circumscribing an ellipse has the 
least area ? 

29. When is the square of the sum of conjugate diameters 
least ? 

30. Given the axes of an ellipse, and the position of one 
focus, and of one point in the curve, give a geometrical con- 
struction for finding the centre. 

31. If lines drawn through any point of an ellipse to the 
extremities of any diameter meet the conjugate CD in M 
and N, then CM .GN= CDK 

32. If GP and GD be conjugate, prove that 

(/SfP- ACy + (SB --AGY^ SG^. 

33. If GP and GD be conjugate, and HP, PD be joined, 
as also AD, A'P, these latter meeting in 0, then BDOPis a 
parallelogram. When is the area greatest ? 

34. If PSp, Q Gq be two parallel chords through the focus 
and centre of an ellipse, prove that 

SP.Sp: GQ. Gq::BG^:AC\ 

35. If the tangent at the vertex A cut any two conjugate 
diameters in T and t, then AT . At == BGK 

36. If the tangents at three points P, Q^ R, intersect in 
Ry Q^, P^, prove that 

PR^.P^Q,Q^R = PQ^,R^Q.P^R. 

p 
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37. If a circle be described toucliing 8P, S'P produced, 
and the major axis of the ellipse, find the locus of the centre, 

38. If from the extremities of the axes of an ellipse any 
four parallel lines be drawn, the points in which they cut the 
curve are the extremities of conjugate diameters. 

39. If two equal and similar ellipses have a common 
centre, the points of intersection are at the extremities of 
diameters at right angles to one another. 

40. If PSQ be a focal chord, and X the foot of the 
directrix, XF and XQ are equally inclined to the axis. 

41. OP, OQ are tangents to an ellipse, and PQ is produced 
to meet the directrices in B, R\ prove that 

RP . R'P : RQ : R'Q :: OP^ : 0Q\ 

42. NPQ is a common ordinate to the ellipse and auxiliary 
circle. PA, QR are normals at P and Q intersecting in M, 
The locus of i2 is a circle whose radius is ^ C + -BC 

43. If the conjugate to OP meet SPy S'P, or these pro- 
duced in E, E^ ; then SE = S'E\ and the circles circum- 
scribing 8CE, S'GE' are equal 

44. The locus of the middle points of all focal chords in 
an ellipse is a similar ellipse. 

45. The circle described about the trianjgle SBS' will cut 
the minor axis in the centre of the circle of curvature at P. 

46. The locus of the centre of the circle inscribed in the 
triangle 8PS' is an ellipse. 

47. If a circle be described intersecting an ellipse in four 
points, and chords be drawn through the points of intersection, 
diameters parallel to the chords will be equal. 

48. An ellipse slides between two lines at right angles to 
each other, find the locus of its centre. 

49. If from the focus S perpendiculars be drawn upon the 
conjugate diameters (7P, CP, these perpendiculars produced 
backward will intersect CD and CP in the directrix. 

50. Find the point at which the diameter of curvature is a 
mean proportional between the major and minor axes. 
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51. The circle of curvature at a point, where the conjugate 
diameters are equal, meets the ellipse again at the extremity 
of the diameter. 

52. The locus of the intersection of lines drawn from A, A 
at right angles to -4P, j4'P is an ellipse. 

53. If a quadrilateral figure be inscribable in two ellipses 
whose major axes are parallel or perpendicular, any two of 
its opposite angles will be equal to two right angles. 

54. If (7iV, iVP are the abscissa and ordinate of a point 
P on a circle whose centre is C, and HQ be taken equal to 
j^F, and be inclined to it at a constant angle, the locus of Q 
is an ellipse. 

55. If two ellipsas having the same major axes can be 
inscribed in a pamllelogram, the foci will be on the corners of 
an equiangular parallelogram. 

56. Two ellipses, whose major axes are equal, have a com- 
mon focus. Prove that they intersect in two points only. 

57. A circle described about the triangle SPS' cuts the 
minor axes in iJ on the opposite side to P. Prove that SB 
varies as the normal FO. 

58. If r and F be the radii of the circles inscribed in and 
about the triangle SP8, prove that F . r varies as SF . /S'P. 

59. The circle -described upon FG as diameter cuts SF, 
S'Fin K and Z. Prove that KL is bisected by FQ, and i^ 
perpendicular to it. 

60. If from 8' a line be drawn parallel to SF, it will meet 
SY in the circumference of a circle. 

61. T and t are the points where the /tangent at P meets 
the axes. CF is produced to meet in Z the circle described 
about the triangle TCt ; prove that FL is half the chord of 
the circle of curvature at P in the direction of (7, and that 
OF . CZ is constant. 

62. About the triangle FQF an ellipse is described, having 
its centre at the point where the lines drawn from P, Q, B, to 
the middle points of the opposite sides meet. OP, CQ, CB, 
are produced to meet the ellipse in P', Q\ B\ Prove that 

F 2 



68 OONIC SECTIONS. 

the tangents at P\ Q\ R' form a triangle similar to PQTi, 
and four times as large. 

63. Lines from YdmA. F' perpendicular to the major axL* 
cut the circles on /SP, S'P as diameters in / and e/l Prove 
that IS and JS' when produced, intersect BC in the same 
point. 

64 If from the ends of any diameter chords be drawn to 
any point in the ellipse, the diameters parallel to these chorda 
will be conjugate. 

65.* If I^ be the angle between tangents at the extremities 
of a focal chord, and the angle subtended by the chord at 
the other focus, then 

2^+0 = 2 right angles. 

66. The acute angles which SPy SQ make with the tangents 
are complementary. Prove that BC^ is a mean proportional 
between the areas of the triangles SPS', SQS\ Also, show 
that the problem is impossible unless BO < OS, 

67. A series of ellipses have their equal conjugate diameters 
of the same magnitude. One of these diameters is fixed and 
common, while the other varies. The tangents drawn fi^om 
any point in the fixed diameter produced will touch the 
ellipses in points situated on a circle. 

68. If on the longer side of a rectangle as major axis an 
ellipse be described, passing through the intersection of the 
diagonals, and lines be drawn from any point of the ellipse 
exterior to the rectangle to the ends of the remote side, they 
will divide the major axis into segments, which are in geo- 
metric progression. 

69. From any point P of an ellipse PQ is drawn at right 
angles to SP meeting the diameter conjugate to GP in Q. 
Prove that P Q varies inversely as the perpendicular from f 
on the major axis. 

70. In an ellipse SQ and S'Q, drawn at right angles to 
a pair of conjugate diameters, intersect in Q. Prove that the 
locus of C is a cpncentric ellipse. 
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CHAPTER IIT. 



THE HYPERBOLA. 



45. Def. The Hyperbola is the curve traced out by a 
point which moves in such a manner that its distance from 
a given fixed point continually bears the same ratio, greater 
than unityy to its distance from a given fixed line. {See 
Introduction?) 



Prop. I. 

The focus and directrix of a hyperbola being given, to 
iind any number of points on the curve. 

Let 8 be the focus, and MX the directrix. 

Draw SX at right angles to the directrix, and divide 8X 
in the point A^ so that 8 A may be to -4 X in the given fixed 
ratio, greater than unity ; then 

^ is a point on the curve. 

On 8X produced take a point A\ such that^ 

8A' :A'X:i 8A :AX; 

then A^ will also be a point on the curve. 

On the directrix take any point M; and through 8 and M 
draw the line 8YMY', meeting AY and A' Y\ drawn at 
right angles to A A', in the points Zand Y' ; 

On YY' as diameter describe a circle, and draw FMF 
parallel to A A', cutting the circle in the points Pand P' ; 

P and Pf will be points on the hyperbola. 
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Join FY, PY, SF; then since 

8Y: YM ::8A : AX, (Euclid, VI. 2) 
andSY' : Y'Mi: 8 A' : A'X, {EuclU. VI. 21 
.-. 8Y : YM :: 8Y' : Y'M; 
or, alternately, 8Y . 8Y' :: YM: Y'M, 
and the angle YPY' in a semicircle is a right angle, 
.-. PY bisects the angle 8PM,* 
.'.8P:PM::8Y: YM, 

:: 8A:AX. 

So we may show that 

SP' : rM:: 8T : Y'M, 



* For, if not, make the angle YPm equal to YPS ; then 

SY : Ym :: SF : Fm. (Eudid, VI. 1.) 

and since, if P Y bisect SFrn, F Y' being at right angles to F >', also bisects 
the angle between MF and SF produced ; 

.-. SY' : Y'm :: SF : Pm, {Euclid^ VI..A.) 

Hence ^T : Ym :: ST : Y'm, 

or SY : SY :: Ym i Y'm, 

.*. the points if and m coincide. 
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,'. P and P' are points on the curve. 

In the same way, by taking other points on the directrix, 
we may obtain as many more points on the curve as we 
please. 

Cor. 1. Since, corresponding to every point P on the 
curve, there is a point P' situated in precisely the same 
manner wi.th respect to A ' Y' as P is with respect to A Y, it 
is clear that if we make A'S^ equal to AS, and A'X' equal 
to AX, and draw X'M' at right angles to AX\ the curve 
could be equally well described with S' as focus and J/'JT' 
as directrix. 

Tiie hyperbola is therefore symmetrical, not only with 
respect to the line AA\ but also with respect to the line 00 
drawn through the middle point of Y F' at right angles to 
and bisecting AA\ 

. Cor. 2. The line OP produced will bisect the angle SPW 
between fi^Pand 5'P produced. 

Produce OF and S' 8 to meet in'(r. Produce PM to meet 
X'M' in M', and draw OS' passing, through the point M' ;- 
then 

SPiPM:: S'PiPM', 

or, alternately, SP : S'P :: PM : PM\ (1) 

Again, SG:PM:: S'G : PM\ 

or, alternately, SG:S'G::PM: PM\ (2) 

.-. from(l)and(2) 

SP: S'P:: SG: S'G, 

.\PG bisects the angle SP W. {Eudid, VI. A.) 

It will be shown hereafter {Prop, IX.) that the normal to 
the hyperbola at the point P also bisects the angle SPW. 
Hence the hyperbola and circle have the same tangent at the 
point P. The hyperbola will consequently touch all the 
infinite series of circles which can be described in the same 
manner as the one in the figure, by taking different points on 
the directrix. 
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PltOP. 11. 

46. If (7 be the middle point of AA' , then CA is a meau 
proportional between OS and CX, 

or G8.0X= GA\ (See fig. Prop. III.) 

Sincefi'^':^'^:: 8A : AX. 

Alternately SA' : SA :: A'X: AX, 

.; SA' -SA : SA :: A'X- AX: AX-, 

01 AA': SA ::XX':AX, 

.-.AA' :XX':: SA : AX, 

or CA:CX ::SA : AX. (!.)• 

Again, SA' : SA :: A'X: AX. 

.'. SA' + SA : SA :: A'X+AX: AX. 

OT.SS': SA :: AA' : AX. 

Alternately, SS' : AA' :: SA : AX, 

or CS:CA :: SA : AX. (2.) 

Hence from (1) and (2) 

CA : GX :: GS : GA, 

.: GA'-= GX. GS 

or GA is a mean proportional between GS and CX. 

Cor. Since the three lines GS, CA, CX, are proportional 
therefore, by the definition of duplicate ratio and Eitclid. 
VI. 20 Cor., 

GS : GX :: GS^ :GA\ (3.) 

Prop. III. 

47. If P be any point on the hyperbola, and S be the focug 
nearer to P; then 

S'P -sp=A a: 

Since 8P : PM :: SA : A X, 

* N.B. The results (1), (2), (3), should be Temeinliered, as tliey will 
frequently be referred to. 



CONIC SECTIONS. 



73 




and SA : AX :: AA' 

.-. 8P : PM :: AA' 

So S'F :PM' :: A A' 

. S'P- SP : PM' -PM :: AA' 

But PM' - PM = MM' = XX', 

.-. S'P- SP=AA'. 



XX", 
XX'. 

xx\ 

XX'. 



{Prop. II.) 



Cor. By means of this property the hyperbola may be 
practically described, and the form of the curve' determined. 

Let a rigid bar 8'Q of any lenjjth have one end fastened 
at the focus S', in such a manner that it is capable of turning 
freely round S' as a centre in the plane of the paper. 

At the other end of the bar let a string be fastened of such 
a length that when stretched along the bar it shall just 
reach to within a distance equal to A A' from the end 8' of 
the bar. 
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If the loose end of the string be now fastened to the focus 
S, and the rod being initially placed in the position S' 8, be 
made to revolve round S\ while the string is kept consta^ntly 
stretched by means of the point of a pencil at P, in contact 
with the bar; since 8'P and SPaxe always increasing by 
the same amount, viz. the length of the portion of the 
string that removes itself from the bar, between any two 
positions of P, the difference between S'P and SP will be 
constantly the same, and the point P will trace out the 
hyperbola. 

Another perfectly similar branch may be described in the 
same manner by making the bar revolve round 8 as centre. 

In this case S"P — 8P will be equal to AA\ 

The curve, therefore, consists of two similar branches, 
which recede indefinitely both from the line AA\ and also 
from the line BCB' drawn bisecting A A' at right angles. 
{See fig. Prop. IV.) 

48. If BC be taken of such a length that 

BC'-=^C8^^ CA\ 
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and CB' be made equal to CB, then A A* and BB' are called 
respectively the Transverse and Conjugate Axes, 

The line BOB' does not meet the hyperbola, and the reason 
of its being introduced will be seen further on. 

If the conjugate and transverse axes are equal, the hyper- 
bola is said to be rectarvgvlar or equUateraL 

The property of the hyperbola, which we have just inves- 
tigated, viz. that the difference between SP and S'P is 
constant, is sometimes taken as the definition of the curve. 
{See CJiapter II. Art. 25.) 

Also as in the ellipse, if SL be the semi-latus rectum, it 
may be proved that 

8L .AC = BC\ 



Pkop. IV. 

49, The difference of the distances of any point from the 
foci of a hyperbola wiD be greater or less than AA\ according 
as the point is on the concave or convex side of the curve. 




(1.) Let Q be a point on the concave side of the hyperbola. 

Join 8Q, S'Q, and let S'Q meet the curve in P; join SP; 
then 

since S'Q^ 8'P-^PQ, 

and 8Q < 8P -f PQ, 
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.-. S'(2~ SQ> S'P^ SP. 
hut S'P- 8P^AA\ 
.-. S'<>- SQ>AA\ 

(2.) Let Q be a point on the convex side of the curve, 
nearer to 6" than aV ; join SQ, fi"$, and let SQ meet the 
curve in P; join 8'P; then 

S'Q<S'P+PQ, 

and >S(2 = /SP + P^, 

... S'Q^SQ<S'P^SP, 

hxxt ST-- SP^ A A\ 

so if Q be nearer to /S>' than /S^, we can show that 

SQ - S'Q < AA' ; 

Cor. Conversely a point will be on the concave or convex 
side of the hyperbola, according as the difference of its 
distances from the foci is greater or less than AA\ 

50. Dep. If a point P' be taken on the hyperbola near 
to P {see fig. Prop, V.) and PP^ be joined, the line PP^ pro- 
duced, in the limiting position which it assumes when P is 
made to approach indefinitely near to P, is called the Tangetd 
to the hyperbola at the point P. 

Prop. V. 

If the tangent to the hyperbola at any point P meet the 
directrix in the point Z, and if & be the focus coiTesponding 
to the directrix on which Z is situated, then SZ will be at 
right angles to BP, 
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Let P' be a point in the curve near to P. 

Draw the chord PP\ and produce it to meet the directrix 
in Z\ join BZ. 

Draw PJ/, P*M' at right angles to the directrix, and join 
5P, 8F, 

Produce P8 to meet the hyperbola in Q\ then since the 
triangles ZMP, ZM'P' are similar, 

/. ZP : ZF :: MP : WP\ 

:: 8P : 8P\ 
,\ 8Z bisects the angle F8Q, (Euclid, VI. A.) 

Now, when P' is indefinitely near to P, and PP' becomes 
the tangent at the point P, the angle PSP' becomes in- 
definitely small, while the angle Q8P' approaches two right 
angles; and therefore the angles ZSP\ being half of the 
angle P' 8Q, becomes ultimately a right angle. 

Hence, when PZ becomes the tangent at the point P, the 
angle ZSP is a right angle, 

or 8Z is perpendicular to SP. 
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Cor. 1. Conversely, if 8Z be drawn at right angles to SP^ 
meeting the directrix in Z, and PZ be joined, PZ will be the 
tangent at P. 

Cor. 2. If PZ be produced to meet the other directrix in 
Z\ and S'Z' be joined; then 

iS'-^'is at right angles to /S'P'. 

CoR. 3. The tangents at the extremities of the latus rectum, 
or double ordinate through the focus, meet the axis in the 
point X, 



Prop. VL 



Tlie tangent to the hyperbola at any point P makes equal 
angles with the focal distances SP and b'P. 




Let the tangent at P meet the directrices in ZoxA Z*. 

Draw PMM' at right angles to the directrices meeting 
them in M and M' respectively ; join SZy 8'Z' ; then 

8Px PM:: S'P : PW. 
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And since the triangles ZMP, Z'M'P are similar, 

PM : PZ :: PM : PZ\ 

r. SP : PZ :: S'P : PZ\ (Ex cequali.) 

Now in the triangles SPZy S'PZ' because the sides about 
the angles SPZ, S'PZ' are proportional, and the angles 
PSZ, PS' Z' are equal, being right angles, and the angles 
SZP, S'Z'P are each less than a right angle, 

. \ the triangles SPZ, 8' PZ' are similar. . {Euclid, VI. 7). 

.-. the angle 8PZ=S'PZ\ 

Prop. VII. 0^' 

The tangents at the extremities of a focal chord intersect in 
the directrix. 

Let PS Q be a focal chord, and let the tangent P meet 
the directrix in Z. Join SZ ; then 

the angle ZSP is a right angle, (Prop. V.) 

And .*. also the angle Z8Q is a right angle, 

. *. ZQ is the tangent at Q, (Prop, V. Co7\ 1.) 

Or the tangents at the extremities of a focal chord intersect 
in the directrix. 

Prop. VIII. 

51. If the tangent at P meet the transverse axis in T, and 
PN be the ordinate of the point P ; then 

CT. GN^ GA\ 

Draw PMM' at right angles to the directrices meeting 
them in M and M \ Join SP, 8'P; then 

since PT bisects the angle 8P8\ (Prop. VI.) 

.-. 8'T : 8T :: S'P : 8P, (Euclid, VI. 3.) 

PM' : PM, 

X'N: XK 
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.-. 8'T - ST :: S'T+ ST :: X'N-- XN i X' N + XN 

ot2CT:2CS::2GX: 2CN, 

OT CT : OS ::CX: CK 

.-. CT, Glides, CX, 

= 0A\ {Prop, II.) 

52. Def. The line FG, drawn at right angles to the tangent 
PT, is called the Normal to the hypjrbola at the point P. 



Prop. IX. 

If the normal to the hyperbola at the point P meet the 
transverse axis in the point Gy and PN be the ordinate of 
the point P, then 

NG : NG :: BG^ : AC, 

Draw PMM' at right angles to the directrices, meeting 
them in M and M\ and produce S'P to W\ then since 

the angle TPQ is a right angle, 

.-. the angle WPG = the complement of the angle S'PT, 

and the angle SPQ = the complement of the angle SPT\ 



CONIC SECTIONS. 81 

but the angle 8'PT== the angle 8PT. 

.-. the angle WFG = the angle SPG, 

.-. PG bisects the angle SPfV, 

.-. 8'G : SG :: S'P: SPi {Endid, YI. A.) 

:: PM' : PM, 
:: X'N: XN, 
.-. S'G + SG : S'G - SG :: X'N + XN : X'N - XN-, 

OT 20G : SS' :: 2CN : XX'. 
Alternately, 2GG : 2GN r. S8' : XX; 

or CG : ON :: OS : OX, 

:: CS^ : CA.^ (Prop. II. Cor.) 
.'. CG - GN : CN :: GS^ - GA^ : GA^; 
' or NG : CN :: BC : AC. 

Fkop. X. 
If PN be the ordinate of any point P on the hyperbola, 

PN^ : AN . A'N :: £C^ i AG\ 

YotNG : NG :: BO^ : AC\ 
And rectangles of the same altitude are to one another as 
tlieir bases, {Euclid, VI. 1.) 

.-. TN . NG : TN . NO :: BC^ : AC^; 

or Pm : TN . NG :: BG^ : A CK 

But TN . GN = GN^ - GT . CN, {Euclid, IL 2.) 

= GN^ - CA\ (Prop. VIII.) 

= AN . A'N, {Euclid, II. G) 

.-. PN^ : AN . A'N :: BC^ : AG\ 

pKor. XI, 

If the normal at any point P of an hyperbola meet the 
transverse axis in G; then 

 SO : BP :: CS : CA. 

G 



[ 
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Produce 8'PtoW; then 

since PG bisects the angle SF W, {Prop. IX.) 
SG : S'G :: SP : S'P, 



.: SG : S'G - SG :: SP : 


S'P - SP, 


but S'P - SP =- AA', 


{Prop. III.) 


and S'G - SG = SS'. 




.-. SG : SS' :: SP 


: AA', 


ovSG : SP -.-.SS' 


: A A', 


or SG : SP :: CS 


: CA. 


CoK. Hence also, 




S'G : S'P.: CS 
Pkop. XII. 





53. If from the foci S and fi" of an hyperbola /S^ F and 
S Y are drawn at right angles to the tangent at P, then Y and 
F' are on the circumference of the circle described on A A 
as diameter, and 

8Y , 8'Y' = BC\ 

Join SP, S'P, and produce SY to meet S^'P in W ; join 
CF; then 

since the angle SPY ^^ the angle WPY, (Prop. VI.) 

and the angle SYP = the angle JTFP, 

and the side PF is common to the triangles SPY, WPYy 

.\ the triangle SPY = WPYin all respects, 

.\ SP = PPr, and /SF= TTF, 

.-. S'P - fifP = /S'F'^, 

but S'P - i&P = ^^', (Prop.. III.) 

.-. S'JV = ^^'. 

Again, .-. SG = CS^oxidSY^ WY, 

.-. fi'C : CS' :: >SF : YW, 

.-. (7F is parallel to S'W, 

.-. (7F: ^SfTT:: CS :: 5/g', 
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so or = GA. 

.*. F and V are points on the circumference of the circle 
descidbed upon ^-4' as diameter. 

Next, let /Si F be produced to meet this circle in 2, and join 
^F'; then 

since the angle ZTY' is a right angle 

,\ ZY passes through the centre (7, 

.-. the angle 8CZ =. the angle SVT\ 

,-. SZ ^ S'Y\ 

,-. SY . S'Y' = 8Y . SZ, 

- 8A . SA\ {Eudid, III. 36 Cor,) 

= ra' - C'^^ {Euclid. 11. 6.) 

= ^(7^. 

CoR. If CD be drawn parallel to the tangent at P meeting 
.S'PinJ?; then 

since GEPY is a parallelogram, 

.-. PE ^ CY r^ AC. 
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Prop. XIII. 

54. To draw a pair of tangents to an hyperbola from an 
external point 0, 




Of the foci S and 8\ let S' be that which is nearer to 0. 

With centre S and radius equal to A A' describe a circle. 

Join OS, OS' ] and let SO or S'O produced meet the circle 
in the point /. 

Now if be a point inside the circle MIM' it is evident 
that OS' is greater than 0I\ and if be outside the circle, 

since OS - OS' < AA' ox SI (Prop, IV.) 

.-. OS - OS' < OS - 01 

.-. OS' > 01. 

With centre and radius OS' describe another circle 
cutting the former in the points M and M\ which it will 
always do since OS' is greater than 01. 
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Join 8M, SM'y and produce them to meet the hyperbola 
in the points P and P'. 

Join OP, OP' ; these will be the tangents required. 
Join S'P, S'P' ; then 

since S'P -^ SP = AJ' = SM, 

.-. S'P = PM. 

And .-. S'P, PO = IIP, PO, each to each, 

and 08' = OM, 

.-. the angle OPS' = the angle 0PM, 

.*. OP is the tangent at P. (Prop. VI.) 

So OP is the tangent at P\ 

The points of contact P and P' will be upon the same 
or opposite branches of the hyperbola according as 8M and 
SM' require to be produced in the same or in opposite 
directions with respect to 8, in order to intersect the 
hyperbola. 

Prop. XIV. ^ 

If from a point a pair of tangents, OP, OP' be drawn 
to an hyperbola, then the angles which OP and OP' subtend 
at either focus will be equal or supplementary according as 
the points of contact are in the same or opposite branches of 
the hyperbola. 

Let the points P and P' be on opposite branches of the 
hyperbola. 

JomP8,8'P; 8P', S'P'. 

Produce P8 to M, making PM equal to P8'. Also from 
r 8 cut off a part P'M' equal to F 8', 

Join OiM, OM' ; OS, OS'. 

Then since OP, P8' = OP, PM, each to each, 

and the angle OPS' = the angle 0PM, (Prop. VI.) 

.-. 08' = OM, 

and the angle OS'P = the angle OMP. 
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So OS' = OM', 
and the angle OS'P' = the angle OM'P\ 

.-. OM = 0M\ 
Again, •.• SM = >S"P - iSfP = ^^', 
and ^ilf^ = >SfP' - ST' = ^^', 
.\ SM ^ SM\ 
And •.• Ofif, /SJif = 05, >SJJf', each to each, 
and OM = Jf, 
.-. the angle OSM = the angle OSM\ 
and the angle OMS = the angle OM'S. 
But OSM is the supplement of 0/SfP, 
and Oif' fif is the supplement of OM'F\ 
,\ OSM' is the supplement of OSP, 
and Oi/P the supplement of OM'F. 
But OMP=^ OS'P, 
and Oif'P' == OS'P\ 
.'. 0/S'Pis the supplement of OS' P. 
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HencQ the angles which OP and OP subtend either at 8 
or ;S" are supplementary. 

In a similar manner if P and P' are on the same branch of 
"tlie hyperbola, the angles subtended either at 8 or 8' may be 
sliown to be equaL 



Pjjop. XV. 



(:i 



A. 



V \ 



55. If the tangent at any point P of an hyperbola meet the 
conjugate axis in the point t, and Pn be drawn at right angles 
to CB; then 

Cn . Gt = JBC. 




Draw PX at right angles to CA ; then 

Ct : CT :: PN '. NT, 
.-. Ct : PN :: CT : NT, 
.-. Ci . Cn : PN^ :: CT . CN : CN . NT; 
or Ct . Cn : CT . CN :: PN* : CN . NT, 

:: BC* : AC. (Prop.X.) 
But CT . CN = AC\ 
.-. Ct . Cn = BC\ 
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56. The proofs that we have given up to this point of the 
properties of the hyperbola are closely analogous to the 
corresponding propositions in the ellipse. The remainini: 
properties of the hyperbola are more conveniently investigated 
by means of its relation to certain lines, which we shall 
presently define, called Asymptotes, in the same manner 8> 
many of the properties of the ellipse were deduced from thoje 
of the auxiliary circle. 

Def. The hyperbola described (see Jig, Prop, XIV.) witli 
(7 as centre, and BB^ as transverse axis, and ^^' as con- 
jugate axis, is called the Conjugate Hyperhola. Its foci, 
which will be on the line BGB\ will evidently be at the 
same distance from G as those of the original hyperbola, 
since 

GS^ = GA' -h CB\ 



Prop. XYI. 

If through any point R or either of the diagonals of the 
rectangle formed by drawing tangents to the hyperbola and 
its conjugate at the vertices, A^ A\ B, B\ two ordinates 
EPIiy RDM, be drawn at right angles to A A' and BB\ and 
meeting either the hyperbola or its conjugate in the points F 
and D ; then 

RN^ -, PN^ = BC\ 
and RM^ ^DM"" ^ AC\ 
Let i? be a point on the diagonal 0' GO ; then 



RN* 


: CN' 


:: AO' : 


 AC, 






:: BC : 


AC, 


and PN^ : CN^ - 


- CA' 


:: BC 


■.AC; {Prop. X 


.: EN' - FN' 


; CA' 


:: BC 


: AC; 


.-. BN' - 


- PIT 


= BC. 


• 


Again, BIP : 


CM' 


:: AC : 


, BC, 


and D3P : CM' - 


- CB' 


:: AC 


: BC; (Prop. X.) 


.: BW - DM' 


: BC 


:: AC : 


BC; 


.: BiP - DM' = 


= AC. 
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In exactly the same manner, if NR had been produced to 
meet the conjugate hyperbola in P, and MB had been produced 
to meet the original hyperbola in D, we should have had, 

PN^ - BN^ = BC\ 
SindDM^^BM^ = AC\ 

CoR. If i2P be produced to meet the hyperbola in p^ 
and the other asymptote in r ; then 

BN'- - PJSr^ = BP . Pr ; (Euclid, II. 5.) 

.-. RP, Pr = B0\ 

Hence as BPN is further removed from A, and the line 
Pr consequently increases, since the rectangle contained by 
RP and Pr remains constant, RP must diminish, and by 
taking R sufficiently far from (7, RP may be made less than 
any assignable magnitude. The line (7i?, therefore, con- 
tinually approaches nearer and nearer to the hyperbola, though 
it never actually reaches it. 
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On account of this property, OR is called an Asymptote to 
the hyperbola. 

So also if P be the point where NB produced meets the 
conjugate hyperbola, we shall have 

and therefore CB is also the asymptote to the conjugate 
hyperbola. 

In the same maimer it may be shown that the other 
diameter oCo' of the rectangle 00' is an asymptote to both 
hyperbolas. 

Prop. XVII. 

57. If E be the point where the asymptote meets the 
directrix; then 

GE^AG. 
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For by similar triangles, 

CE: GO:: CX : CA, 

: : GAi 08, (Prop, II) 
But 00^= 0A'+ 0B'== OS"; 
.-. 00= 08; 
r.OE=^AO, 
Cor. If SE be joined, since 

OE'=CA'=- OS. OX, 
. • . the angle CES is a right angle. {Euclid, VI. 8, Oor.) 



Prop. XVIII. 

If from any point R in one of the asymptotes to an hyper- 
bola ordinates RPNy RDM be drawn to the hyperbola and 
its conjugate respectively, and PD be joined, FD will be 
parallel to Ihe other asymptote. 

Yov RN^ : RIP :: BO' : AO''; 

and RIP - PN^ : ^ Jf * - DAP :: BC i A 0\ {Prop. XVI.) 

.'.PN':DM^::BO^:AO^; 

:: RIP : R]iP, 

.-. PN : DM :: RN : RM; 

.-. PD is* parallel to MN. {Euclid, VI. 2.) 

Also ON: GM::AO:BO, 

,\ MNis parallel to AB; 

and OA:Ao:: OB: Bo, 

.\ AB is parallel to oo\ 

Hence PD is parallel to oo\ 

CoR. So also if R and D be the points where NR and 
MR produced meet respectively the conjugate and the original 
hyperbola, PD will be still parallel to oo\ 
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Prop. XIX. 

58. If through any two points Q and Q' o£ an hyperbola 
a line RQQ'R' be drawn in any direction meeting the 
asymptotes in R and R' ; then will 



tr\l 



RQ = b'q: 




Through Q and <^ draw the ordinates UQW, U'Q'W; 
meeting the asymptotes in U, W, IT, W ; then by similar 
triangles, 

QB : QU :: Q'B : Q'U', 

a.iidQB': QW :: Q'B' -.Q'TV; 

.•. compounding 
QB.QB' : QU.QW :: Q'B. Q'B' : Q'U' . Q'W. 
But g Z7 . e IF = JBC^ -=Q'U' . Q' W, {Prop. XVI. Ccn-) 

.-. QB. QB'=Q'B. Q'B'; 
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but QR . QB' = QB . QQ' + QB. Q'R\ 
and Q'B. Q'B'= Q'R , QQ' -^ QR. Q'R'; 
.-. QR. QQ' = qR . QQ\ 
.', QR=^ Q'B', 

Cor. 1. If BQQB! move parallel to itself until the points 
Q and Q coincide, the line BQB' will ultimately assume the 
position LPl, and will become a tangent to the hyperbola at P. 

Hence, since ^ ^ is always equal to B' Q\ 

LP=Pl, 

or the tangent LPlis bisected at the point of contact P. 

Cor. 2. If CP be produced to meet BB' in F, then since 

BV : VB' :: LP : PI, 
.',BV= VB'; 
and BQ = Q'B\ 
.'.QV=Q'V. 

Hence, if a series of parallel chords be drawn in an hyper- 
bola, their middle points will all be in the line drawn through 
the centre and the point where the tangent parallel to the 
chords meets the hyperbola. 

Def. a line PCP drawn through the centre, and meeting 
the hyperbola in P and P', is called a Diameter, 

A diameter consequently bisects all chords drawn parallel 
to the tani'ents at its extremities. 

o 



1»R0P. XX. 

59. If through any point Q of an hyperbola a line BQrhe 
drawn in any direction meeting the asymptotes in B and r, 
and LPl be the tangent drawn parallel to BQr; then 

BQ. Qt^PL\ 

Through P and Q draw the ordinates EPe, UQ W, meeting 
the asymptote in jfi?, e, U, W; then by similar triangles, 
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QR : QU i: PL : PE, 

Qr: QW :: PI : Pe; 

.-. QB. Qr : QU . QW:: PL . PI : PE . Pe; 

but QU. QW^BC = PE. Pe, (Prop. XVL Cor.) 

.-. QB. Qr^PL. PI, 

= PL\ (Prop. XIX. Cor. 1.) 

CoK. If Qqhe produced to meet the conjugate hyperbola 
in Q\ q, we may show that 

QB . Qr = PL", 

and also, as in Proposition XIX., that 

QB = 4r, 

r.QQ-^n. 

Hence if a line be drawn in any direction meeting both the 
hyperbolas, the portions intercepted between the hyperbola 
a,nd its coniu^ate will be equal. 
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Peop. XXI. 

60. If from any point P of an hyperbola, PHscad PKhe 
drawn parallel to the asymptotes, meeting them in jQ^and K 
respectively ; then 4 . PS : PK = C8\ 




Draw the ordinate RPNr meeting the asymptotes in B 
and r ; then by similar triangles, 

PH: PR 

and PK : Pr 

.\PH.PK: PB.Pr 



Co : Oo, 
CO: Oo, 



: CO^ : Oo^ 
: CS^ : ABCK 
But PR.Pr = B C\ 
.:4:.PH.PK= C8K 
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Piiop. XXII. 

If the tangent at any point P of an hyperbola meet the 
asymptotes in L and I ; then the area of the triangle L CI is 
equal to the rectangle contained by A C and B G, 

Draw PH and PK parallel to tlie asymptotes meeting 
them in 5" and K\ then 

since CL : CH :: LI : PI, 

and LI = 2Pl, {Prop, XIX. Cor, I.) 

.-. GL^IGH =^2PK', 

so CI = 2 CK ^2PH, 

.-. GL.Gl = 4.PH . PK^ CS\ {Prop, XXI.) 

= GO , Go, 

.-. GL: GO:: Co: Gl, 

. • . the triangles L Gl, Go have the angle at G common and 
the sides about those angles reciprocally proportional • 

.'. the triangle LCI = the triangle OGo, 

^AG.AO, 

= AC. BG, 

Pkop. XXIIL 

61. If from any point B in the asymptote of an h)rperbo]a 
two ordinates -BP^and BDM he drawn to the hyperbola 
and its conjugate respectively, then the tangents at P and B 
will be parallel respectively to CD and GP, 

Join PBy meeting GB in H; then 

since PD is parallel to oo\ {Prop. XVIII) 

the tangents at P and D will each meet CB produced in the 
same point L. {Prop, XXII.) 

Produce LP and LL> to meet the other asymptotes in / 
and Z' ; then 

since GL, Gl^ GS^ = GL . Cl\ {Prop. XXII.) 
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.-. IC : GV :: IP : PL, 

.". CP is parallel to the tangent at D. 

Also VD : i>i; :: V G : CZ, 

.*. GD is parallel to the tangent at P. 

The lines CP and (7i> are called Conjugate Diameters, 
since each of these lines is parallel to the tangent at the 
extremity of the other. 



Prop. XXIV. 

If GP and CD be semi-conjugate diameters in the hyper- 
bola; then 

GP^ '^ GD^ = CA^ -, GB\ 

Draw the ordinates NPR, MDR meeting the asymptote in 
the point B {Prop, XXIII.) ; then 

H 
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coKio QEcaom. 

= BG\ {Prop, XVI.) 
.-. GR^ = (7P» + PC»; 
so GR^ = Ci>* + AC*, 
.-. CP* + BC^ =- GD^ + ^(7^ 
or CP* ^ (7i?» = AC^ ^ BC. 



Peop. XXV. 



62. The area of any parallelogram formed by drawing tan- 
gents to the hyperbola and its conjugate at the extremities i 
P, P', D, D' oi a pair of conjugate diameters is equal to thd 
rectangle contained by the axes. 1 




Let LI, UV be the parallelogram formed by drawioi! 
tangents at the extremities P, F, D, D\ of any pair of 
conjugate diameters. The points L, L\ /, l\ will (iVqp. 
XXIII.) be on the asymptotes. 
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Now tlie parallelogram LL' — ^ parallelogram GL, 

= 4 triangle L 01, 
=-4:A0.£C, (iVop.XXII.) 
= AA' . BB'. 

Cor. If PF be drawn perpendicular to CD, then 

PF. CD = AG.BC. 

Also, if the normal PG meet the transverse axis in &, as 
in. the ellipse 

PF.PG = BG*. 

63. Def. The line QV drawn from any point Q of the 
hyperbola parallel to the tangent at any point P, and meeting 
CP produced in Fj is called an Ordinate to the diameter CP. 

Prop. XXVI. 

If Q F be an ordinate to the diameter P' CP, and CD be 
coujugate to CP; then 

QV^ : PV . P'V :: CD^ : CP*. 

Produce VQ to meet the asymptotes in B and r ; and let 
the tangent at P meet the asymptotes in L and / ; then 

BV^: PL^ :: CV^ : CP^, 
.-. BV^ - PL^ : PL^ :: CV^-CP^ : CP\ 

But BQ. Qr = Pi", {Prop. XX.) 

.-. BV^-QV* = PL\ 

or BV^-PL^= QV\ 

And CV^-CP^ = Pr.P'V, {Euclid, II. 6.) 

.-. QV^ : PL^ :: PF . P'F : CP*. 

Alternately, QV* : PF . PT :: PL^ : CP^*. 

But since PD is a parallelogram, (Prop. XXIII.) 

.-. PL = CD. 

Hence QV^ i PV . P'V :: CD" : CPK 

Cor. If FQ be produced to meet the conjugate hyperbola 
in Q', then 

since Q'B . Q'r = PZ*, {Prop. XX Cor) 

.'. G'F*-^F2 = Pi«. 

Hence Q'V^ : CV^ + CP^ :: CD* : CP*. 

H 2 
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Prop. XXVII. 



64. If QV he an ordinate to the diameter P V, and tie 
tangent at Q meet CF in the point T ; then 



Draw the tangent LPl meeting the asymptotes in the 
points L, I ; also let the tangent at Q meet the asymptotes 
in JR, r. 




Draw EK, rk, parallel to ^ F meeting CP in K, L 

Now since the triangles BCr, LCI are equal, (Prop. 
XXII.) and have the angle at C common, 

.-. CB : CL :: CI : Cr, (Euclid, VL 15.) 
But CR : CL :: CK : CP, 



■^^t^ai^ffj^gww  - -1 1 ' ' fwm^m rfK^vsrrw s^g» xj m .m'.w s^r—^y Mi..jm^ ^ ,3! ^ 
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and CI : Cr :: GP : Ck, 

.-. OK : GP :: GP : Gk, 

,'. GK . Gk =^ CP^. 

Again, produce RK and QVio meet the asymptote CI in 
li* and q ; then 

Since Rr is bisected in Q, (Pro]), XIX. Cor. 1.) 

.*. i2V is bisected in q, 

and i?A' = R'K, {Prop. XIX. Cor. 2.) 

.'. Kq is parallel to Rr, 

.-. or : GK :: Cr : Gq, 

:: Gk : GV, 

.-. CF. CT ^CK. Ck 

Cor. 1. Conversely, if ^F be an ordinate to PF, 

and GV . GT == CP\ 
then ^T is the tangent at Q, 

Cor. 2. Hence also, if RR' meet the curve in U and V\ 

and Z; fTJ i IT"' be drawn, 
since GK . Gk =^ GP", 

,\ k Uaud k U' are tangents to the hyperbola at U and U'. 



Prop. XXVIII. 

65. If two chords of a hyperbola intersect one another, the 
rectangles contained by their segments are proportional to 
the squares of the diameters parallel to them. 

Let Q Oq be any chord drawn through the point 0, and 
let GD be drawn parallel to it, meeting the conjugate 
liypsrbola in D. 

Produce Qq to meet the asymptotes in R and r ; and draw 
the diameter GPVy bisecting both Qq and Rr in F. {Prop. 
XIX. Cor. 2.) 

Also draw the tangent LPl parallel to Qq^ meeting the 
asymptotes in L and L 
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Now since Qq is divided equally in V and unequally in 0, 
.: QO.Oi^QT-OV-; {Eivdid, II. 5.) 
so also iJO . Or = ^ F' - F" ; {Euclid, 11. 5.) 
.-. RO.Or-QO. Oq^BT-QV\ 

= RQ.Qr {Euclid, IL 5.) 
= PL\ {Prop. XX.) 
.-. Q0.0q = RO . Or - PL\ 

Again, tlirougli and P draw EOe, JJPW, at right 
angles to the axis meeting the asymptotes in E, e, U, W; 
then 



BO '. OE '. 

and rO : Oe : 

.: RO.rO : OE . Oe : 



PL : PU, 
PI : PW, 
Pr : PU . PW; 



• » 
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but PU.PW=. £C^, (Prop. XVI.) 

and PL' = CD\ {Prop. XXIIL) 

BO . rO : OE . Oe :: CD* : BG\ 

ovBO.rO : CD* :: OE . Oe : BC\ 

.-. BO.rO -- PL* : CD* :: OE . Oe - BC* : BC*, 

or QO . Oq : CD* :: OE . Oe ^ BC* : BC*, 

In the same manner if through another chord Q' Oq' 
lie drawn, and CD* be drawn parallel to it, meeting the con- 
jugate hyperbola in D\ we shall have 

Q'O • Oq' : CD'^ :: OE . Oe - BC^ : BCK 

Hence QO . Oq : Q'O . Oq* :: CD^ : CD'\ 

Cob. The same result may be shown to be true when the 
point is outside the hyperbola. Moreover, it is not necessary 
that the chords should be drawn meeting one branch only of 
the hyperbola or the saine branch. The proportion still 
holds good when one or both of the chords meet both 
branches of the hyperbola, or when the chords are drawn in 
different branches. 

66. Def. If with a point on the normal at P as centre, 
and OP as radius, a circle be described touching the hyperbola 
at P, and cutting it in ^ ; then when the point Q is made to 
approach indefinitely near to P, the circle is called the Circle 
of Curvature at the point P. 

Prop. XXIX. 

If PS'be the chord of the circle of curvature at the point 
P of a hyperbola, which passes through the centre ; then 

PH . CP = 2CD\ 

Let PT be the tangent, and PG the normal at the point P. 

With centre 0, and radius OP, describe a circle cutting the 
hyperbola in the point Q, 

Draw ^^TT parallel to CP, meeting the circle in W, and 
T'P produced in JK. 

Also, draw Q F parallel to PP, meeting the diameter PP" 
in F; then, since PP touches the circle at P, 
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.-. RQ 

or PV 

But QV* : PV 

PV.BW: PV 

otBW 



BW = PB\ (Euclid, III. 36.) 
BW = QV*. 

CP'. {Prop. XXVI.) 

CI*, 

CP^. 



PT :: CD* 

P' V :: CD* 

FV i: CD^ 

TSaw, when the circle becomes the circle of curvature at P, 
the points B and Q move up to, and coincide with P, and the 
lines R W and PH become equal, while 

P' V becomes equal to PP', or 2 CP. 

Hence, PE i 2CP :: CD^ : CP^, 

.'. PH . CP: 2CP^ :: 2CD*:2CP, 

.'. PH . CP = 2CD\ 



Pkop. XXX. 

If per be the diameter of the circle of curvature at the 
point P of the hyperbola, and PF be draAvn at right angles 
to CD; then 

PTJ . PF =2 CD\ 



iiH«««H^iV««a«i«BWWi^m 
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Since the triangle PHU is similar to the triangle PFCy 

.\PUiPE:',GP',PF, 
,\PU.PF=^PH:CP, 

=^2GD\ (Prop. XXIX.) 

Prop. XXXI. 

If PI be the chord of the circle of curvature through the 
focus of the hyperbola ; then 

PI,AG^2GD\ 

Let S'P meet GD in E \ then, since the triangles PIU 
and PEF are similar, 

.-. PI : PU :: PF : PE. 

But PE =AG, {Prop. XII. Cor.) 
.-. PI : PU :; PF : AG, 
.-. PI . AG =. PU . PF, 

= 2 Ci)2. (iVe^. XXX.) 

The point where the circle of curvature intersects the 
hyperbola may be determined as in the case of the ellipse. 

Pkop. XXXII. 

67. If Pbe any point on the hyperbola, and GD be conju- 
gate to GP ; then 

SP . 8'P=- cm 

Draw PU' parallel to the asymptote GE meeting the 
directrices in / and /', and GB^ in U. 

Let the ordinates, iVP, MD meet the asymptote in P, and 
draw P W perpendicular to the directrix ; then by similar 
triangles, 

PI : PW :: GE : GX, 

:: GA: GX. {Prop. XVII) 
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But SP-.PW 
.-. 8P 

80 S'P 

.'. SP.S'P 



But CB^ - CZ>2 = 
Bence SP. S'P = 



: SA : AX, 
: CA : ex. 
-PI; 

-pi; 

-- PI . pr, 

-- UP^ - TJP; 

 CB^ - CE\ 
CB^ - CA\ {Prop. XVII.) 
BM^ - DM^, 
CA\ {Prop. XVI.) 
CD\ 
0D\ 



PEOBLEMS OX THE HYPEEBOLA. 



1. The locus of the centre of a circle touching two given 
circles is an hyperbola or ellipse. 

2. If on the portion of any tangent intercepted between the 
tangents at the vertices a circle be described^ it will pass 
through the foci. 

3. In an hyperbola the tangents at the vertices will meet 
the asymptotes in the circumference of the circle described 
on 8S* as diameter. 

4. If from a point P in an hyperbola FII' be drawn parallel 
to the transverse axis meeting the asymptotes in / and /', 
then PI .FT = A G\ 

5. If a circle be inscribed in the triangle 8PS\ the locus 
of its centre is the tangent at the vertex. 

6. If PN be the ordinate of the point P, and NQ a tangent 
to the circle described on the transverse axis as diameter, and 
PM be drawn parallel io QG meeting the axis in Jf, then 
MN=Ba 

7. If PN be the ordinate of a point P, and NQ be drawn 
parallel io APio meet CPin Q, then AQ is parallel to the 
tangent at P. 

8. If an hyperbola and an ellipse have the same foci, they 
cut one another at right angles. 

9. If the tangent at P intersect the tangents at the vertices 
in P, r, and the tangent at P' intersect them in It', r'/then 
AP.Ar = AIt\Ar'. 
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10. If any two tangents be drawn to an hyperbola, the lines 
joining the points where they intersect the asymptotes -will be 
parallel 

11. The perpendicular drawn from the focus to the asymp- 
totes of an hyperbola is equal to the semi-conjugate axis. 

12. If the asymptotes meet the tangent at the vertex in 0, 
and the directrix in E; then AEis parallel to SO. 

13. In a rectangular hyperbola conjugate diameters are 
equal to one another. 

14. In a rectangular hyperbola the normal PG is equal 
to CF, 

15. The lines drawn from any point in a rectangular 
hyperbola to the extremities of a diameter make equal angles 
with the asymptotes. 

16. Prove that the asymptotes to an hyperbola bisect the 
lines joining the extremities of conjugate diameters. 

17. A line drawn through one of the vertices of an hyperbola 
and terminated by two Imes drawn through the other vertex 
parallel to the asymptotes will be bisected at the other point 
where it cuts the hyperbola. 

18. P is any point on an hyperbola, and P' a point on the • 
conjugate hyperbola. If CP and CP' be conjugate, prove 
that 

' S'F -SP^AG-BG, 

8 and S' being the interior focL 

19. If CPand GD be conjugate, and through G a line be 
drawn parallel to either focal distance of P, the perpendicular 
from D upon this line is equal to P G, 

20. Given a pair of conjugate diameters, find the principal 
axes. 

21. If 6 be a point on the conjugate axis of a rectangular 
hyperbola, and ^Pbe drawn parallel to the transverse axis 
meeting the curve in P, then 

PQ=^AQ. 

22. In a rectangular hyperbola the focal chords drawn 
parallel to conjugate diameters are equaL 
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23. If in an equilateral hyperbola C Y be drawn at right 
angles to the tangent at P, and -4 Fbe joined, the triangles 
J^CA, CA Fare similar. 

24. The radius of the circle which touches an hyperbola 
and its asymptotes, is equal to that part of the latus rectum 
produced which is intercepted between the curve and the 
asymptotes. 

25. If QQ' be any chord of an hyperbola, and CP the 
diameter corresponding to it, and QH, FK, Q^H' be drawn 
parallel to one asymptote meeting the other in H, K and H\ 
then on. CiT' = CK^. 

26. If the chord RPP'R' intersect the hyperbola in the 
points P, P', and the asymptotes in P, i?' ; and PK be drawn 
parallel to GR\ and P'K' to CB\ then RK^FK\ and 
B'K' = PK 

27. If A A' be any diameter of a circle, and PNQ an 
ordinate to it, then the locus of the intersections of AP, A'Q 
is a rectangular hyperbola. 

28. If two concentric rectangular hyperbolas be described^ 
the axes of one being the asymptotes of the other, they will 
intersect at right angles. 

29. If any chord .4 P through the vertex be divided in Q, 
so that AQ : QP :: AC" : BC\ and Qi\r be drawn to the 
foot of the ordinate PJ^, prove that a straight line drawn at 
right angles to QH from Q cuts the transverse axis in the 
same ratio. 

30. Prove that the curve which trisects the arcs of all 
segments of a circle described upon a given base is an hyper- 
bola. 

31. If SVs, TVt be two tangents cutting one asymptote 
in S, jT, and the other in s, i, prove that 

VS : Vs :: Vt : VT. 

32. If from the exterior focus of an hyperbola a circle be 
described with radius equal to PC, and tangents be drawn to 
it from any point in the hyperbola, the line joining the points 
of contact will touch the circle described on the transverse 
axis as diameter. 
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33. Circles are drawn touching the straight line -4 J? in 
a fixed point C; and from the fixed points A, B tangents are 
drawn to these circles. The locus of their intersection, is an 
ellipse or hyperbola. Distinguish between the two cases. 

34. PP' is a double ordinate in an ellipse. AP, A'P' are 
produced to meet in Q, Prove that the locus of ^ is an 
hyperbola with the same axes as the ellipse. 

35. If the tangent at P intersect the asymptotes in L and 
Z, and PG^ be the normal at P, then the angle LGl is a, right 
angle. 

36. If an ellipse, a parabola, and a hyperbola, have a 
common tangent, and the same curvature at the vertex, the 
ellipse will be entirely within the parabola, and the paraboL 
entirely within the hyperbola. 

37. The chord RPFR' of an hyperbola intersects the 
asymptotes in R and R\ From the point R a tangent Rij 
is drawn meeting the hyperbola in Q. If PH, QK, P'lT le 
drawn parallel to one asymptote meeting the other in the 
points if, K, H' ; then Pi/ 4 P'-H' = 2QK. 

38. If through P.P' on an hyperbola lines be drawn parallel 
to the asymptotes forming a parallelogram, of which PPis 
one diagonal, the other diagonal will pass through the centre. 

39. If Pbe the middle point of a line EF which moves so 
as to cut off a constant area from the corner of a rectangle, its 
locus is an equilateral hyperbola. 

40. PM, PN are drawn parallel to the asymptotes CN, 
CMy and an ellipse is constructed having CN, CMioi semi- 
conjugate diameters. If (7P cut the ellipse in Q, the tangents 
at Q and P to the ellipse and hyperbola are paralleL 

41. If a circle be described through any point P of a given 
hyperbola and the extremities A,A'oi the transverse axis, 
and NP be produced to meet the circle in Q ; prove that Q 
traces out an hyperbola whose conjugate axis is a third pro- 
portional to the conjugate and transverse axes of the original 
hyperbola. 
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42. If lines be drawn from any point of a rectangular 
hyperbola to the extremities of a diameter, the difference 
between the angles which they make with the diameter will 
be equal to the angle which this diameter makes with its 
conjugate. 

43. If between a rectangular hyperbola and its asymptotes 
any number of concentric elliptic quadrants be inscribed, the 
rectangle contained by their axes will be constant. 

44. In the rectangular hyperbola if CP be produced to Q 
so that PQ = GP, and §0 be drawn at right angles to GQ 
to intersect the normal in 0, is the centre of curvature 
at P. 

45. With two conjugate diameters of an ellipse as asymp- 
totes a pair of conjugate hyperbolas are constructed ; prove 
that if one hyperbola touch the ellipse the other wiU do so 
likewise; prove also that the diameters drawn through the 
points of contact are conjugate to each other. 

46. If a pair of conjugate diameters of an ellipse when 
produced be asymptotes to an hyperbola, the points of the 
hyperbola at which a tangent to the hyperbola will also be a 
tangent to the ellipse, lie in an ellipse similar to the given 
one. 

47. In the rectangular hyperbola the radius of curvature at 
P is to the radius of curvature at P' in the triplicate ratio of 
GP to GP\ 

48. OPy OQ are tangents to an ellipse at P and Q, and 
asymptotes to an hyperbola. Show that a pair of their common 
chords is parallel to PQ. One of these chords being R8^ 
prove that if PR touches the hyperbola at P, QS touches it 
at 8\ also if PS, QB meet in TJ, ?7 bisects PQ. 

49. The base of the triangle ALG remains fixed, while 
the vertex G moves in an equilateral hyperbola passing 
through A and B. If P, Q be the points in which A C, 
BG meet the circle described on ^P as diameter, the inter- 
section of A Q, BP is on the other branch of the hyperbola. 



CHAPTER IV. 



THE SECTIONS OF THE CONE. 



68. Def. If two indefinite straight lines 101' , 1)0D\ inter- 
sect one another at a point 0, and one of them 10 T remain 
fixed while the other DOD' revolves round it in such a 
manner that its inclination to lOF is the same in all positions, 
the surface generated by D OD' will be a Right Ccym. 

The line lOT is called the Axiz, and the point O the 
Vertex of the Conie, 

It now remains for us to show {se.e Introduction) that the 
curve formed by the intersection of this surface with a plane 
is in general one of the three curves whose properties we have 
been investigating, and to consider under what circumstances 
it will be the Parabola, Ellipse, or Hyperbola. 

If the cutting plane pass through the vertex of the cone as 
KOK\ and intersect the cone again at all, it will in general 
cut it in two straight lines as OK, 0K\ which will represent 
two positions of the generating line. 

The inclination of these lines to each other will depend 
upon the inclination of the cutting plane to the axis of the 
cone, and will be greatest when this plane passes through the 
axis, in which case it will be double the constant angle between 
the axis and the generating line. 

If the cutting plane pass through a generating line dod' 
and be perpendicular to the plane containing this line and the 
axis, it will simply touch the cone along this line. 
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Should the cutting plane not pass through the Vertex, and 
be at right angles to the axis of the cone, the section will 
evidently be a circle. 

In any other case the section will, as we proceed to show, 
be a Parabola, Ellipse, or Hyperbola. 

"Whatever be the position of the cutting plane with respect 
to the cone, we can always suppose a plane drawn through 
the axis of the cone at right angles to it ; and it will be 
convenient to have this latter plane represented by the plane 
of the paper asDOd. The cutting plane will therefore always 
be taken at right angles to the plane DOd oi the paper. 
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Peop. I. 

69. The curve formed by the intersection of the surface of 
a right cone with a plane (which neither passes through its 
vertex nor is at right angles to its axis) will be a Parahk 
mivpse, or Hyperbola, according as the inclination of tk 
cutting plane to the axis of the cone is eqiuil to, greater, c: 
less than the constant angle which the generating line forms 
with the axis. 

Let the plane of the paper represent the plane dravn 
through the axis lOI' of the cone at right angles to tie 
cutting plane ; and let it intersect the surface of the cone ia 
the two generating lines OD, Od. 

Let the cutting plane intersect the surface of the cone h 
the curve PA, and the plane of the paper in the line ANR 

The curve will evidently be symmetrical with respect to 
this line. 

On -^-ff take any point ^,.and through N draw a plane 
perpendicular to the axis meeting the surface of the cone in 
the circle JRPr, and the cutting plane in the line PJV", which 
will be at right angles to the plane of the paper and to AN. 

Let a sphere be inscribed in the cone touching the cone in 
the circle EQe and the cutting plane in the point 8, and let 
the plane -£?^e intersect the cutting plane in the lineJOf. 
which will be at right angles to the plane of the paper, ami 
therefore parallel to PN. 

Draw PM perpendicular to XM, and join PS, PO, and let 
PO meet the circle £Qe in the point Q* 

Then since P8 and PQ are both tangents to the sphere, 

.-. P8 = PQ, 

But PQ = PJE, 

.-. PS = BE. 

* N.B. In the figuref, to avoid confusion, that part of the section which lies 
above the plane of the paper is alone represented. 
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But BE : XN :: AE : AX, {Euclid, VI. 2.) 

and^^ = AS, 

r. BE I XN :: AS : AX, 

.-. SP : PM :: AS '. AX, 

. •. the curve PA is either a Parabola, Ellipse, or Hyperbola, 
whose focus is S and directrix XM, 

Again, let -4^3" meet the axis 01 in F. 

Then the angle AFO will be the inclination of the cutting 
plane to the axis. 

(1) Let the angle AFO ^ih^ angle FOd ; 

then A His parallel to Od, 
.', the angle AXE = the angle OeE = the angle AEX, 

.'. AE = AX, 

.-. AS = AX, 

. '. the curve AP will be a Parabola, 

J 2 
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(2) Let the angle AFOhe> FOd\ then 
the complement FXE is < the complement OEe, 
.•, the angle AXE is < AEX, 
/. AEiB < AX, 
OT ASiA < AXj 
.*. the curve -4 Pis an Ellipse, 

Since the angles HFOy FOd are together less than HFO, 
OF A, i,e, than two right angles, the lines -4J2"and Oe may 
be produced to meet in A\ 

If another sphere be described touching the cone in the 
circle E'Q'e' and the cutting plane in the point 5' ; and the 
line X' M' denote the intersection of the plane E'Q'ef with 
the cutting plane, and PM* be drawn at right angles to this 
line, it can easily be shown that 

S'P : PM' :: 8' A' : A'X\ 

Hence 8' and X'M represent respectively the other focus 
and directrix of the ellipse. 

Also it B Che the semi-axis minor, and through the centre 
C a line UCIT be drawn parallel to Ee meeting OD, Od 
in 17 and Z7", then it is evident that 

BC^ = CU . GTT. 

(3) Let the angle AF0hQ<F0d\ then 

the angle AXE is > the angle A EX, 
.-. -4jE^is > AX, 
.'. A8iB> AX, 
/. the curve PA is an Hyperbola. 

Since the angles AFO, FOd' are less than the two FOd, 
FOd\ i.e, than two right angles, the lines FA and d may 
be produced to meet in ^'. 

In this case the cutting plane will intersect the other half of 
the cone, and if any point P' be taken on this part of the 
curve, and P'M be drawn at right angles to XM, it can be 
shown as before that 

8P' : P'M :: S'A :: AX 
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The intersection of the cutting plane therefore with this 
portion of the cone will be the other branch of the hyperbola. 

Also if another sphere be described touching the upper 
portion of the cone in E'Q'e\ and the cutting plane in j8', 
and the line X' M' denote the intersection of the plane 
E' Q'c' with the cutting plane, and P' M' be drawn at right 
angles to this line, it can be easily shown that 

8'M' : T'M :: B' A' : A'X', 

Hence, >8^' and X'M wiU represent respectively the other 
focus and directrix of the hyperbola. 

Cor. 1. In this last case, i.e. when the section is an hyper- 
bola, if a plane OKL be drawn through the vertex of the 
cone parallel to the cutting plane, meeting the plane of the 
paper in the straight line OL, and the surface of the cone in 
the generating line 0K\ then 

OL : OK :: OZ : OB, 

AN : AB, 

AX: AE, {Euclid, Nl. 2) 

AX : AS, 

CA : CS, (Chap, III. Prop. II.) 

where C is the middle point of A A' and therefore the centre 
of the hyperbola. 

.*. KOL is half the angle between the asymptotes. 
{Chap. III. Prop. XVL) 

Again, if BC be the conjugate semi-axis, and CU'U he 
drawn parallel to Br meeting 0J)\ Od' in Z7and U\ then 

since CU : AC :: BL : OL, 



aird CU' 


: A'C :: 


rL : 


OL, 


CU. CU' 


: AC:: 


BL . 


rL : 0Z», 






fTL' 


: OL^; 


but BC : 


AC :: 


KU 


: 0L\ 


• 
• « 


BC = 


CU . 


Gu: 



Cor. 2. If the cutting plane is parallel to the axis OL and 
01 coincide. 
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In this case half the angle between the asymptotes of tie 
hyperbolic section is equal to the constant angle DO I, and 
we can at once see that OCis the semi-conjugate axis. 

This affords a convenient method of obtaining a pair of 
conjugate hyperbolas, 

Draw Oi at right angles to 01 in the plana of the paper, 
and let another cone be formed by supposing OD to revolve 
round Oi in such a maimer that the angle SOi is the same 
in all positions, and equal to the complement of DOL 

Then if through any point A on the common generating 
line OD we draw two planes at right angles to the plane of 
the paper, and parallel respectively to 01 and Oi, they will 
cut the cones in two hyperbolas, whose semi-transverse axes 
will be respectively AC, 00, and whose semi-conjugate axes 
will be respectively 00, AC, and which therefore will be 
conjugate to each other. 
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VO. As long as the cutting plane remains parallel to itself, 
it is evident that the ratio of AE U> AX, and therefore of 
AS \k> AX will be altered. Hence the sections made by 
planes inclined at the same angle to the axis of the cone will 
have the same eccentricity.* 

71. Through any point Q on the circle EQel^t a plane be 
drawn parallel to ANP, intersecting the plane of the paper 
in the straight line WLN', the cone in the curve WQF\ and 
the planes of the circular sections -E^e, BPr in the ordinates 
QL, P'N\ 




Then it is manifest that the curve WQP' will touch the 
circle wQw\ formed by the intersection of the cutting plane 
with the sphere at the extremities of the ordinate QL pro- 
duced. 

Join OF meeting EQe in Q' ; then 

F'Q' : li'Z :: BE : NX, 

:: 8A : AX, 

* The ratio of SA : -4X, or of OS : CA, is called the eccentricity. 
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But P'C is equal to the taugent drawn from P' to the 
circle wQw\ and N' L is equal to the perpendicular from P' 
on the common ordinate of the circle wQw' and the section 
WQP\ 

Hence we have the following important property, — 

If a circle touch a conic section in two points at the 
extremities of an ordinate, the ratio which the tangent drawn 
to the circle from any point on the curve bears to the perpen- 
dicular from the same point on the common chord is equal to 
the eccentricity of the conic section. 

If the two points in which the circle touches the conic 
coincide, the circle becomes the circle of curvature at the 
vertex ; and therefore the ratio which the tangent drawn from 
any poin,t of a conic section to the circle of curvature at the 
vertex bears to the abscissa of the pointy is constant and equal 
to the eccentricity of the curve. 



PEOBLEMS ON" THE SECTIONS OF THE CONE. 



1. The foci of all parabolic sections which can be cut from 
a given right cone lie upon the surface of another cone. 

2. The foci of all elliptical sections of a given right cone, 
in which the ratio of GA to OS is the same, will lie on two 
other cones. 

3. The extremities of the minor axes of the elliptical sec- 
tions of a right cone made by parallel planes lie on two 
generating lines. 

4. The latus rectum of a parabola cut from a given cone 
varies as the distance between the vertices of the cone and 
the parabola. 

5. Under what conditions is it possible to cut an equilateral 
hyperbola from a given right cone ? 

6. Two cones whose vertical angles are supplementary are 

joined as in Art, 69, Cor, 2. Prove that the latera recta of 

the curves of section of the cones, whose axes are respectively 

01 and Oi, made by planes parallel or perpendicular to the 

plane of the axes, are in the duplicate ratio of Oi and 01, 



J 



ADDITIONAL PEOBLEMS. 



, 1. Show that the part of the directrix of a parabola, inter- 
cepted between the perpendiculars on it from the extremities 
of any focal cliord, subtends a right angle at the focus. 

2. The locus of the foci of all parabolas touching the three 
sides of a triangle is a circle. Prove this, and give a geo- 
metrical construction for finding the centre. 

3. A system of parabolas which always touch two given 
straight lines have their axes parallel ; show that the locus of 
the foci is a straight line. 

4. Prove that the locus at the foot of the perpendicular 
from the focus of a parabola on the normal is a parabola. 

5. If 8 be the focus of a parabola, which touches the sides 
AB, AG q{ the triangle APC dX the points -B, (7, and the 
centre of the circle described about the triangle ; prove that 
the angle OS A is a right angle. 

6. From the focus of a parabola a straight line is drawn 
parallel to the tangent at any point P, meeting the diameter 
through P inV \ show that the tangent drawn from P to any 
circle passing through V is equal to one-half of the ordinate 
QVy V being the second point in which the circle cuts 
the diameter through P. 

7. P ySp is a fotjal chord, and upon PS and jpS os diameters, 
circles are described ; prove that the length of either of their 
common tangents is a mean proportional between A S and Pp, 
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8. If -4 Q be a chord of a parabola through the vertex A, 
and QB be drawn perpendicular to -4 Q to meet the axis in 
R ; prove that AR will be equal to the chord through the 
focus parallel to A Q. 

9. The locus of the vertices of all parabolas, which have a 
common focus and a common tangent, is a circle. 

10. Two parabolas have a common axis and vertex, and 
their concavities turned in opposite directions; the latus 
rectum of one is eight times that of the other ; prove that the 
portion of a tangent to the former, intercepted between the 
common tangent and axis, is bisected by the latter. 

11. 5 is a point on a radius OA of a circle, whose centre 
is 0. On OA produced a point G is taken, such that 
OB . 00 = 0A\ If F be any point on the circumference 
of this circle, R the middle point of BF, and Q the point of 
intersection of AR, OF; prove that the locus of Q is a 
circle. 

12. If from the middle point of a focal chord of a parabola 
two straight lines be drawn, one perpendicular to the chord 
meeting the axis in (?, and the other perpendicular to the 
axis meeting it in N; show that NG is constant. 

13. A circle is drawn touching the axis of a parabola, the 
focal distance of a point F, and the diameter through P. 
Show that the locus of its centre is a parabola with vertex S, 
and latus rectum equal to A S, 

14. If from the point of intersection of the directrix and 
axis of a parabola a chord ^FQ be drawn, cutting the 
parabola in P, Q; show that the rectangle contained by the 
ordinates o{ FQ is equal to the square of one-half the latus 
rectum. 

15. Find the locus of the centre of a circle which touches 
a given circle and a given straight line. 

16. Given one point of contact of a parabola with three 
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tangents given in position, find the two other points of 
contact. 

17. The triangle ABC circumscribes a parabola whose 
focus is S. Through A, B, C, lines are dr^wn perpendicular 
respectively to SA, SB, SC. Show that these lines pass 
through one point. 

18. From the focus a line is drawn parallel to the tangent 
atP, meeting the parabola at Q. QUis an ordinate, and the 
tangents at F and Q meet the axis in T and T\ Prove that 
SN^ = 4:AT . AT\ and that if the diameter at P meet SQ 
in E, the locus of -ff is a parabola, whose latus rectum is half 
that of the given parabola. 

19. P is any point in a parabola ; through S a line is drawn 
at right angles to the axis, meeting the chord AP ot A.P 
produced in B. Prove that SK . SB = 2AS . SY, where SY 
is the perpendicular on the tangent, and 8K on the normal. 

20. From the focus /? of a parabola SK is drawn, making a 
given angle with the tangent at P, Show that the locus 
of K is that tangent to the parabola which makes with the 
axis an angle equal to the given angle. 

21. PSQ is a focal chord of a parabola, AP' a parallel 
chord meeting the latus rectum in Q' ; prove that AP' . AQ 
= 8P . SQ. 

22. The circle of curvature at any point of a parabola 
whose abscissa is AN cuts the axis in U and V, Prove that 
AU.AU' = 3AN\ 

23. A B is Si diameter of a circle. From any point Q in 
the circumference a tangent QP is drawn, and from P a per- 
pendicular PH is let fall upon AB. Show that if P be 
always taken so that QP is equal to A N, the locus of P will 
be a parabola. 

24. II a tangent be drawn from any point of a parabola to 
the circle of curvature at the vertex, the length of the tangent 
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-will be equal to the abscissa of the point measured along the 

25. To two parabolas which have a common focus and axis 
two tangents are drawn at right angles ; the locus of their 
intersection is a straight line parallel to the directrices. 

26. If any three tangents be drawn to a parabola, the circle 
described about the triangle so formed will pass through the 
focus, and the perpendiculars from the angles on the opposite 
sides intersect in the directrix, 

27. A parabola touches one side of a triangle in its middle 
point, and the other two sides produced. Prove that the per- 
pendiculars drawn from the angles of the triangle upon any 
tangent to the parabola are in harmonical progression. 

28. Two equal parabolas have the same axis and vertex, 
but are turned in opposite directions ; chords of one parabola 
are tangents to the other. Show that the locus of the middle 
point of the chords is a parabola whose latus rectum is one- 
third of that of the given parabola. 

29. Two equal parabolas have the same focus, and their 
axes are at right angles to each other, and a normal to one of 
them is perpendicular to a normal of the other ; prove that 
the locus of the intersection of such lines is a parabola. 

30. Show that in every ellipse there are two equal conju- 
gate diameters, coinciding in direction with the diagonals of 
the rectangle, which touches the ellipse at the extremities of 
the axes. 

31. If a circle be described through the two foci of an 
ellipse, cutting the ellipse, show that the angle between the 
tangents to this circle, and to the ellipse at either point of 
intersection, is equal to the inclination of the normal to the 
ellipse to the axis minor. 

32. The points in which the tangents at the extremities of 
the transverse axis of an ellipse are cut by the tangent at any 
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point of the curve, are joined one with each focus ; prove that 
the point of intersection of the joining lines lies in the normal 
at the point. 

33. The external angle between any two tangents to an 
ellipse is equal to the semi-sum of the angles which the chord 
joining the points of contact subtends at the focL 

34. The tangent to an ellipse at any point P is cut by any 
two conjugate diameters in jT, t, and the points T, t, are joined 
with the foci 8y S' respectively; prove that the triangles 
8 FT, S'Ft axQ similar to each other. 

35. P is any point on a fixed circle, the centre of which 
is 0; J^ is a fixed point without the circle; an ellipse is 
described with centre and area constant so as always to 
touch UF at F. Find the locus of the extremities of the 
diameter conjugate to OF. 

36. The normal at any point F of an ellipse cuts the axes 
in G,g] prove that if any circle be described passing through 
G, g, the tangent to it from F is equal to CD, 

37. Given a focus, a tangent, and the eccentricity of a 
conic section ; prove that the locus of the centre is a circla 

38. A straight line is drawn through a given point G 
within a circle to cut it in P, P'. If ^ is taken in it such 
that Gp^ = OF . GF', find the locus of p, 

39. In the ellipse FY . FT : FIP :: CS" : PO* and 
ST, GD = 8F.BG. 

4.0. Show that if the distance between the foci of the 
ellipse be greater than the length of its axis minor, there will 
be four positions of the tangent, for which the area of the 
triangle, included between it and the straight lines drawn from 
the centre of the curve to the feet of the perpendiculars from 
the foci on the tangent, will be the greatest possible. 
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41. Two conjugate diameters of an ellipse are cut by tlie 
tangent at any point P in M, N] prove that the area of the 
triangle GPM varies inversely as that of the triangle CPN. 

42. Circles are described on SY, S'T' as diameters, 
cutting /S'P, aS^'P respectively in Q, Q\ Prove that SQ . S'P 
= SP . S'Q' = BC'\ 

43. PSP\p8p' are any two focal chords of a conic section, 
P and p being on the same side of the axis ; prove that Pp, 
jP'jo* meet on the directrix. 

44. Prove that an ellipse can be inscribed in any parallelo- 
grarii so as to touch the middle points of the four sides ; and 
show that this ellipse is the greatest of all inscribed ellipses. 

45. If from any point on the exterior of two concentric, 
similar, and similarly placed ellipses, two tangents be drawn 
to the interior ellipse which also intersect the exterior ; show 
that the distance between the points of intersection will be 
double of that between the points of contact. 

46. The tangent at any point P in an ellipse, of which 8 
and H are the foci, meets the axis major in T, and TQR 
bisects HP in Q, and meets 8P in R ; prove that PR is one- 
fourth of the chord of curvature at P throui^h 8. 

47. Prove that the distance between the two points on the 
circumference of an ellipse at which a given chord, not passing 
through the centre, subtends the greatest and least angles, is 
equal to the diameter .which bisects that chord. 

48. From any point on the auxiliary circle chords are 
drawn through the foci of an ellipse, and straight lines join 
the extremities of the chords with the extremity of the 
diameter passing through the point ; prove that these lines 
will touch the ellipse. 

49. A quadrilateral circumscribes an ellipse. Prove that 
either pair of opposite sides subtends supplementary angles 
at either focus. 
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50. Two tangents to an ellipse intersect at right angles; 
show that the straight line joining their point of intersection 
with the point of intersection of the normeils at the points of 
contact passes through the centre. 

51. P, Q are points in two confocal ellipses, at which the 
line joining the common foci subtends equal angles ; prove 
that the tangents at P, Q are inclined to an angle which is 
equal to the angle subtended by PQ at either focus* 

52. Tangents to an ellipse are drawn from any point in a 
circle through the foci; prove that the lines bisecting the 
angle between the tangents all pass through a fixed points 

53. If the ordinate at P meet the auxiliary circle in Q, 
and CQ meet the ellipse in B, then CR is equal to the per- 
pendicular on the tangent at P from 0, 

54. If P be a point such that SP, S'P are perpendicular; 
prove that CJD'^ = 2 . £C^ 

55. If circles be described to the triangle 8 PS' opposite to 
the angles S and S' ; prove that the rectangle contained by 
their radii is equal to iC\ 

56. The circle of curvature at any point P of an ellipse 
meets the focal distances ia B, B' ; SU is a. tangent to the 
circle. 

Prove that 8U^ i SP^ ::2 . SP^ 3 . AC : AG, 

and if BB' passes through the centre of the circle of cur- 
vature, GP = C8. Determine the limits of possibility in 
both cases. 

57. A straight line is drawn from the centre of an ellipse 
meeting the ellipse in P, the circle on the major axis in (?, 
and the tangent at the vertex in T. Prove that as (77 ap- 
proaches and ultimately coincides with the semi-major axis, 
TP and QT are ultimately in the duplicate ratio of the axes. 
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58. A straight line is drawn throngli the focus S of an ellipse 
meeting the two tangents at right angles to it in Y and Z^ the 
diameter parallel to these tangents in L, and the directrix in 
M; prove that 

8L : ST :: SZ : 8K 

59. If any equilateral triangle PQB be described in the 
auxiliary circle of an ellipse, and the ordinates to F, Q, B meet 
the ellipse in P\ Q\ R' \ the circles of curvature at P\ Q\ R\ 
meet in one point lying on the ellipsa 

60. From a point T two tangents TP, TQ are drawn to an 
ellipse. Show that a circle with T as centre can be described 
so as to touch SP, S'P, 8Q, S'Q. 

61. If the normal at P meet the. axis minor in g, and if the 
tangent at P meet the tangent at the Vertex A in V; show 
that 

Sg : 8C :: PV : VA. 

62. If a circle passing through F and Y touch the major axis 
in Q, aad that diameter of the circle which passes through Q 
meet the tangent in P; show that PR = BC, {See fig. 
Prop, XV.) 

63. If PG the normal at P cut the major axis in ff, and if 
DR, PN be th^ ordinates of D and P, prove that the tri- 
angles PGN, DRG are similar; and thence deduce that PG 
bears a coiistant ratio to CD^ 

64 The tangent at a point Pof an ellipse meets the tangents 
at the vertices in F", V\ On W as diameter, a circle is 
described which intersects the ellipse in Q, Q' ; show that the 
ordinate of Q is to the ordinate of P bls BC to BO + CD 
where CD is conjugate to CP. 

65. PCP' is any diameter of an ellipse; the tangents at any 
two points E and E' intersect in P; PE\ P E intersect in 
G, Show that FG is parallel to the diameter conjugate to 
PCF. 
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66. If P be any point on an ellipse, and with F as centre 
and the semi-axis, minor as radius a circle be described; prove 
that if PG be the normal, a circle described on CG as 
diameter will cut the first circle at right angles. 

67. ABC is an isosceles triangle having AB = AC. 
BD, BE drawn on opposite sides of BC, and equally iucUneil 
to it, meet AC in D and E, 

If an ellipse be described about BDE having its minor 
axis parallel to BC\ then AB will be a tangent to the 
ellipse. 

68. If -4$ be drawn from one of the vertices of an ellipse 
perpendicular to the tangent at any point P; prove that the 
locus of the point of intersection of PS and QA produced 
will be a circle. 



69. If F, Y' be the feet of the perpendiculars from the foci 
of an ellipse on the tangent at P ; prove that the circle cir- 
cumscribed about the triangle YN Y' will pas? through C. 

70. Prove that the angle between the tangents to tLe 
auxiliary circle ^i Y, Y' is the supplement of the angle 
SP8'. 



71. Pis any point on an ellipse ; Pif, PiV perpendicular to 
the axes meet respectively, when produced,the circles describeil 
on the axes as diameter in the points Q, Q\ Show that QQ' 
passes through the centre. 

72. Assuming that the greatest triangle which can be in- 
scribed in a circle is equilateral, prove by the method of 
projection, that the greatest triangle which can be inscribed 
in an ellipse lias one of its sides bisected by a diameter of 
the ellipse, and the others cut in points of bisection by the 
conjugate diameter. 



i-M-ii^-» m Ji- ^ U-^^^^B-^PiBP^^^^^^^^ 'y ^ T .r.. ^-r~ 
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73. FQ is a chord of aix ellipse, normal at P, LOL' the 
diameter bisecting it. Show that FQ bisects the angle LFU 
and that LF + L' F is constant. 

74. A tangent to an ellipse at. a point F intersects a fixed 
tangent in T\ if through the focds a line be draWii perpen- 
dicular to ST meeting the tangent to P in Q\ show that 
the locus of § is a straight line totiching the ellipse. 

75. In an ellipse if a line be drawn through the focus 
making a constant angle with the tangent ; prove that the 
locus of the point of intersection with the tangent i^ a circle. 

76. Any chord FF' of an ellipse is produced to a point Q, 
such that F' Q is equal to half the diameter parallel to FF', 
and QB'B is drawn through the centre to meet the ellipse in 
11, B' \ show that the Area FOB is three times the area 
F'CR'. 

77. In an ellipse, L is the extremity of the latus rectum, 
and CD conjugate to CL, If a circle be described with centre 
C and passing through ^, and a line be drawn through i? 
parallel to the major axis, the portion of this line which lies 
within the circle will be equal to the latus rectum. 

78. If F be any point in an ellipse, and K the point in 
which a normal at F intersects a line at right angles to it 
through 8\ E the point of intersection of SF, and the diameter 
conjugate to CF, and if EK and CK be joined, each of the 
figures SOKE, 8'GEK will be a parallelogram. 

79. If r be a point on the axis AA^ produced, and FN 
the ordinate of the point where the tangent from T touches 
the ellipse ; prove that 

AN . A'N : AT . A'T :: CN : CT. 



80. Given in an ellipse a focus and two tangents ; prove 
that the locus of the other focus is a straight line. 
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81. A focus, a tangent, and the axis major being given, 
prove that the locus of the other focus is a circle* 

82. A focus, a tangent, and the axis minor being given, 
prove that the locus of the other focus is a straight line. 

83. An ellipse touches a fixed ellipse and has a common 
focus with it ; if the major axis be fixed, the locus of the 
other focus is a circle ; if the minor axis be fixed, the locus is 
an ellipse. 

84. An ellipse and a parabola have a common focus. Prove 
that the ellipse either intersects the parabola in two pointSj 
and has two common tangents with it, or else does not cut it 

85. If in the ellipse a focus, a point, and the axis minor be 
given, the locus of the other focus is a parabola. 

86. If at the extremities P, Q of any two diameters (7P, 
CQ of an ellipse, two tangents Fp, Qp be drawn cutting each 
other in T, and the diameter produced in p and q, then the 
area of the triangles TQp, TPq are equal. 

87. If a straight hue GN be drawn from the centre to 
bisect that chord of the circle of curvature at any point P of 
an ellipse, which is common to the ellipse and circle, and if it 
be produced to cut the eUipse in Q, and the tangent in T ; 
prove that (7P= GQy and that each is a mean proportional 
between (7i\r and (7 r. 

88. An ellipse is described so as to touch the three sides of 
a triangle ; prove that if one of its foci move along the cir- 
cumference of a circle passing through two of the angular 
points of the triangle, the other will move along the circum- 
ference of another circle, passing through the same two angular 
points. Prove also that if one of these circles pass through 
the centre of the circle inscribed in the triangle, the two circles 
will coincide. 

89. A triangle is described about an ellipse, so that the 
extremities of one of its sides lie in an ellipse, confocal with 
the given one; prove that the line bisecting the opposite angle 
passes through the pole of that side with respect to the outer 
ellipse. 



GONIO SECTIONS. 135 

90. Prove the following construction for a pair of tangents 
from any external point T to an ellipse of which the centre is 

G. Join CT; let TPCP' T, a similar and similarly situated 
ellipse, be dmwn, of which GT is a diameter, and P, P' its 
points of intersection, with the given ellipse ; TP, TP' will 
l>e tangents to the given ellipse. 

91. The locus of the foci of all ellipses inscribed in the 
same parallelogram is a rectangular hyperbola. Prove this, 
and give a geometrical construction for finding the asymp- 
totes. 

92. AC \& 2i fixed diameter of a circle, ABGD a quadri- 
lateral figure inscribed in the circle ; prove that if the angles 
BA G, DA G be complementary, the locus of the intersection 
of BA, GD will be an hyperbola. 

93. Prove that a circle can be described so as to touch the 
four straight lines drawn from the foci of an hyperbola to any 
two points on the same branch of the curve. 

94. Any three diameters of an ellipse, LL\ MM\ NK\ 
being taken, a circumscribing parallelogram PjTZJF touches 
the ellipse at X, L\ if, M\ Show that a conic section can be 
described through the points P, Ty C7", F, N, N\ which will 
be an hyperbola whose asymptotes are the lines forming in 
the ellipse the diameters conjugate to NN' and to the other 
common chord of the ellipse and hyperbola. 

95. On opposite angles of any chord of a rectangular 
hyperbola are described equal segments of circles ; show that 
the four points in which the circles to which these segments 
belong again meet the hyperbola, are the angular points of 
a parallelogram. 

96. A triangle is inscribed in a rectangular hyperbola: 
prove that the circle described through the middle points of 
the sides of the triangle passes through the centre of the 
hyperbola. 
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97. ACB is an isosceles triangle; AB the base, and /' 
any point in OB or CB produced : if BZ be drawn parallel 
to AD, meeting CA or CA produced in 2, prove that the 
middle point of BZ will be in an hyperbola whose asymp^ 
totes are CA, CB, 

98. An ellipse and hyperbola are described so that the 
foci of each are at the extremities of the transverse axis of tie 
other ; prove that the tangents at their points of intersection 
meet the conjugate axis in points equidistant from the centra 

99. In a rectangular hyperbola, PKt PL are drawn at 
right any;les to A'B, -4 P respectively to meet the transverse 
axis in Kand L ; prove that PIC is equal to -4P and KL to 
A A', and the normal at P bisects ICL. 

100. In a rectangular hyperbola PC is a. fixed diameter, 
Q any point on the curve ; show that the angles QPCy QCF 
differ by a constant angle. 

101. If the tangent at any point P of an hyperbola cut an 
asymptote in y, and if SP cut the same asymptote in Q, 
then SQ =^ QT. 

102. If a given point be the focus of any hyperbola, passing 
through a given point and touching a given straight line, 
prove that the locus of the other focus is an arc of a fixed 
hyperbola. 

103. At any P of an hyperbola a tangent is drawn, and 
PQ is taken on it in a constant ratio to CD ; prove that the 
locus of Q is an hyperbola. 

104. In an hyperbola, supposing the two asymptotes and 
one point of the curve be given in position, show how to 
construct the curve ; and find the position of the foci. 

105. If A, D be two fixed points, and the angle PAD 
always exceed PDA by a given angle ; find the locus of P, 
and the position of the transverse axis and asymptote. 
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106. From the middle point D of the base -45 of the 
triangle ABC b, straight line EDE' is drawn, making a 
given angle with A B, and the points E, E' are taken so that 
ED = E'D =^^AB. If GA, <JB take all possible positions 
consistent with the condition that the difference of the angles 
GAB, CBA is iequal to EDA ; prove that the point will 
trace out a rectangulai^ hyperbola of which AB, E'E are 
conjugate diameters. 

107. In the rectangular hyperbola, prove that the triangle, 
formed by the tatigent at any point and its intercepts on the 
axes, is similar to the triangle formed by the straight line 
joining that point with the centre, and the abscissa and 
semi-ordinate of the point. 

108. Tangents are drawn to an hyperbola, and the portion 
of each tangent intercepted by the asymptotes is divided in a 
constant ratio ; prove that the lociis of the point of section is 
an hyperbola. 

109. Show that the point of trisection of a series of con- 
terminous circular arcs He on branches of two hyperbolas, and 
determine the distance between their centres. 

110. From a point B on one asymptote ME is drawn 
touching the hyperbola in E, and ET, EV are drawn through 
E, parallel to the asymptotes, cutting a diameter in T and V; 
HVis jpined, cutting the hyperbola in P,p: show that TP, 
Tp touch the hyperbola. 

111. Given in the ellipse a focus and two points, the locus 
of the other focus is an hyperbola. 

112. If a rectangular hyperbola passes through three given 
points, the locus of its centre is a circle, which passes through 
the middle points of the lines joining the three given points. 

113. If the tangent at Pmeet one asymptote in T, and a 
line TQ be drawn parallel to the other asymptote to meet the 
curve in Q; prove that if PQ be joined and produced both 
ways to meet the asymptotes in B and B', BB' will be 
trisected at the points B and Q. 
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114. If two concentric rectangular hyperbolas have a com- 
mon tangent, the lines joining their points of intersection to 
their respective points of contact with the common tangent 
will subtend equal angles at their common centres. 

115. If TP, TQ be two tangents drawn from any point T 
to touch a conic in P and Q, and if 8 and S' be the foci, then 

Sr : S'T :: SP . SQ : ST . S'Q. 

116. The circle of curvature at the vertex of a conic meets 
the axis again in Di and a tangent is. drawn to the circle at 
D : if two tangents be drawn to the circle from any point in 
the conic they will intercept between them a constant length 
of the former tangent. 

117. If the lines which bisect the angles between pairs of 
tangents to an ellipse be parallel to a fixed straight line, 
prove that the locus of the points of intersection of the 
tangents will be a rectangular hyperbola. 

118. An hyperbola, of given eccentricity, always passes 
through two given points; if one of its asymptotes always 
pass through a third given point in the same straight line 
with these, prove that the locus of the centre of the hyperbola 
will be a circle. 

119. A, P and B, Q are points taken respectively in two 
parallel straight lines, A and B being fixed, and P, Q variable. 
Prove that if the rectangle APBQ be constant, the line PQ 
will always touch a fixed ellipse or a fixed hyperbola, ac- 
cording as P and Q are on the same or opposite sides of 
AB. 

120. If two plane sections of a right cone be taken, having 
the same directrix, the foci corresponding to that directrix he 
on a straight line which passes through the vertex, 

121. Give a geometrical construction by which a cone may 
be cut so that the section may be an ellipse of given eccen- 
tricity. 



CONIC SECTIONS. 139 

122. Given a right cone and a point within it, there are 
but two sections whieh have this point for focus ; and the 
planes of these sections make equal angles with the straight 
line joining the given point and the vertex of the cone. 

123. If' the curve formed by the intersection of any plane 
with a cone be projected upon a plane perpendicular to the 
axis, prove that the cur\'d of projection, will be a conic section 
having its focus at the point in which, the axis meets the 
plane of projection. 

124. If F be the point where the m.ajor axis of an elliptic 
section meets the axis of the cone, and. be the centre of the 
section ; prove that 

OF ; CSv: AA' : AO+A'O, 

O being the vertex of the cone. 



SECqND SERIES. 

1. If OQy OQ^ be ta;igents to a parabola, and OF drawn 
parallel to, the axis meet the directrix in K and QQ' in V, 
and QQ' meet the axia in j^^, 0KN8 shall be a parallelo- 
gram. 

2. is the foot of a normal at a point P of a parabola, Q 
is the middle point of ^G-,, and X is the foot of the directrix, 
prove that 

QX^^QP^ = 4.AS\ 

3. Through any point tangents are drawn to a parabola ; 
and through straight lines are drawn parallel to the normals 
at the points of contact, prove that one diagonal of the 
parallelogram so formed passes through the focus. 

4. Two parabolas have their foci coincident, prove that the 
common chord passes through the intersection of the direc- 
trices, and that they cut one another at angles which are h|lf 
the angles between the axes. 
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5. A circle is drawn through the poiut of intersection ct 
two given straight lines and through another given point, 
prove that the straight line joining the points, where the 
circle again meets the two given straight lines, touches a fixed 
parabola. 

6. Common tangents are drawn to two parabolas whicli 
have a common directrix and intersect in F, Q ; prove that 
the chords joining the points of contact in each parabola are 
parallel to i^Q. ; and the part of each tangent between its 
points of contact with the two curves is bisected by FQ 
produced. 

7. The tangents at two. points Q, Q' in the parabola meet 
the tangent at -P in By R' respectively, and the diameter 
through their point of intersection T meets it in JS^\ prove 
that FR = KR' and that if QM, Q'M/ TN be the ordinates 
of §, Q,' T respectively to the ^diameter through -P, J^Nis a 
mean proportional between FM and FM\ 

8. P and p are points on a parabola on the same side of 
the axis and PiV, pn the ordinates; the normals at Jr^ and p 
intersect in Q ; prove that the distance of Q from the axis 

2PiV^. pn(FN+ pv) 

7 * -   -  ^-  — — — -  - —  • 

(latus rectum)'* 
Deduce the value of the radius of curvature. 

9. Two equal parabolas have a compion focus, and from 
any point on the common tangent another tangent is drawn 
to each ; prove that these tangents are equidistant from the 
common focus. 

10. From an external point V two tang'ents are. drawn to a 
parabola, and from the points where they meet the directrix 
two other tangents are drawn meieting the tangents from at 
A and B, 

^ Prove that AB passes through the focus ;S^, and that OS is 
at right angles to AB. 
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11. Given two tangent lines to ar parabola and the focus, 
»liow how to determine tlie eurve, 

12. Inscribe in a given parabola a triangle having its sides 
i;>araUel to those of a given triangle. 

13. Normals a,t -P, p the extremities of a focal chord of a 
j^arabola meet the axis in Q and g. The tangents meet in T. 
Trove that the circles about the triangles SPQ, Spg intersect 
on T 8 produced at a point R such that S bisects E T. . 

14. A circle and parabola tauch one another at both ends 
of a double ordinate to the parabola, prove that the latus 
Tectum is a third proportional to the partsi iuto which the 
a-bscissa of the poi];its of contact is, divided by the circle either 
internally or externally. 

15. PQ is a chord of a parabola normal at P; QR is 
drawn parallel to the axis to meet the double ordinate PP" 
produced in R\ then the rectangle contained by PP' and 
J^' R is constant. 

16. OP, OQ are two tangents to a parabola, and OM is 
drawn perpendicular to the axis ;■ if R be the point where 
PQ cuts the axis, MR is bisected by the vertex. 

17. A parabola, whose focus is 8, touches the three sides of 
a triangle ABO, bisecting the base BO in. I); prove that 
ASis SL fourth proportional to AD, AB, and A 0, 

18. If the chord of contact be normal at one end, the 
tangent at the other is bisected by the perpendicular through 
the focus to the line joining the foCus to the external point. 

19. Two parabolas have a common focus, and from any 
point on their common tangent are drawn two- other tangents 
to the parabolas; prove that the angle between them is 
equal to the angle between the axes of the parabolas. 

20. If tangents be let fall on any tangent to a parabola 
from two given points on the axis equidistant from the focus, 
the difference of their squares is constant. 
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21. If a quadrilateral be inscribed in a circle, one of the 
three diagonals of the quadrilateral passes through the focus 
of the parabola which touches its four sides. 

22. A chord of a parabola is drawn parallel to a given 
straight line, and on this chord as diameter a circle is de- 
scribed ; prove that the distance between the middle point of 
this chord, and of the chord joining the other two points of 
intersection of the circle and parabola will be of constant 
length. 

23. Through any point P of an ellipse a line is drawn 
perpendicular to the radius vector CP meeting the auxiliary 
circle in R, R' : prove that RR' is equal to the difference of 
the focal distances of the extremity of the diameter conjugate 
ioCP. 

24. An ellipse and parabola whose axes are parallel, have 
the same curvature at a point P and cut one another in Q \ 
if the tangent at P meet the axis of the parabola in T prove 
that PQ is four times PT. 

25. A triangle is inscribed in an ellipse so that each side 
is parallel to the tangent at the opposite angle : prove that 
the sum of the squares on the sides is to the sum of the 
squares on the axes as nine to eight. 

26. In an ellipse the perimeter of the quadrilateral formed 
by the tangent, the perpendiculars from the foci and the trans- 
verse axis, will be the greatest possible, when the focal dis- 
tances of the point of contact are at right angles to each other. 

27. Two given ellipses in the same plane have a common 
focus, and one revolves about the common focus, while the 
other remains fixed ; prove that the locus of the point of 
intersection of their common tangents is a circle. 

28. Perpendiculars SYy S' F' are drawn from the foci upon 
a pair of tangents TY, TY' \ prove that the angles STYy 
S'TY' are equal or supplementary to the angles at the base 
of the triangle formed by joining F, F' to the centre of the 
ellipse. 
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29. With the centre of perpendiculars of a triangle as 
centre, are described two ellipses, one about the triangle, and 
the other touching its sides: prove that these ellipses are 
similar and their homologous axes at right angles. 

30. Through a point P of an ellipse a line PDE is drawn 
cutting the axes so that the segments PD and PE are equal 
to the two semi-axes respectively ; perpendiculars to the axes 
through D and E intersect in ; prove that PO is a normal. 

31. If the' focal distance SP of an ellipse meet the con- 
jugate diameter in E) then the difference of the squares on 

CP and 8E will be constant 

32. The chords of curvature through any two points of an 
ellipse in the direction of the line joining them are in the 
same ratio as the squares of the diameters parallel to the 
tangents at the points. 

33. From the extremities of the diameter of an ellipse, 
perpendicular to one of the equi-coujugate diameters, chords 
are drawn parallel to the other. Prove that these chords are 
normal to the ellipse. 

34. An ellipse of given semi-axes touches three sides of a 
given rectangle ; find it^s centre and foci 

35. If P, Q be any two points on a fixed ellipse, whose foci 
are 8, J2"and if SP, HQ intersect within the ellipse at JS, 
prove that two ellipses can be drawn touching each other at 
B, the one having 8 for focus and touching the given ellipse 
at Qf the other having H for focus and touching the given 
ellipse at P. 

If the major axis of one of the variable ellipses be given 
find the loci of their other foci, and of their point of contact. 

« 

36. Find the positions of the foci and directrices of an 
ellipse, which touches at two given points P, Qy two given 
straight lines PO, QO, and has one focus on the line PQ, 
the angle POQ being less than a right angle. 
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37. If Pp be drawn parallel to the transverse axis of a 
given ellipse, meeting the ellipse in P,/?, and the circle whose 
diameter is the conjugate axis in R, r, then shall 

Pp : Rr :: QQ' : PR. 

38. Through any point P of an ellipse are drawn straiglit 
lines APQ\ A' PR meeting the auxiliary circle in Q^ R, aud 
ordinates Qq, Rr are drawn to the transverse axis ; prove 
that, L being an extremity of the latus rectum 

A(i . A'r : Ar . A'q :: AC^ ; SL\ 

39. Two ellipses v»^hose axes are equals each to each, are 
placed in the same plane with their centres coincident, and 
axes inclined to each other. Draw their common tangents. 

40. If S, S' be the two foci, of an ellipse ; and S Y tLe 
perpendicular from S upon any tangent^^ prove that >S' 1^ will 
bisect the corresponding normal. 

41. OR is a diagonal of the parallelogram of which OQ, 
OQ', tangents to an ellipse, are adjacent sides : prove that it" 
R be in the ellipse, will lie on a similar and similarly 
situated concentric ellipse, 

42. A circle passes through a focus of an ellipse, lias its 
centre on the major axis of the ellipse, and touches the 
ellipse : shew that the straight line from the focus to the 
point of contact is equal to the latus rectum. 

43. If the focus of an ellipse be joined with the point 
where the tangent at the nearer vertex intersects any other 
tangent, and perpendiculars be drawn from the other focus on 
the joining line, and the last mentioned tangent, prove that 
the distance between the feet of these perpendiculars is equal 
to the distance from either focus to the remoter vertex. 

44. A parallelogram is described about an ellipse ; if two 
of its angular points lie on the directrices, the other two will 
lie on the auxiliary circle. 



CONIC SECTIONS. 145 

45. FS is the focal chord of a point on an ellipse ; CB is 
a radius of the auxiliary circle parallel to FS, and drawn in 
the direction from P to 8] 8Q is a perpendicular on OR; 
shew that the rectangle contained by SF and QF is equal to 
the square on half the minor axis. 

46. From the extremity F of the diameter P^ of an ellipse 
the tangent TFP is drawn meeting two conjugate diameters 
in T, T\ From F Q the lines FB, QB are drawn parallel to 
the same conjugate diameters. Prove that the rectangle under 
the semi-axes of the ellipse is a mean proportional between 
the triangles F QB and GTT. 

47. If OF and CD be equal conjugate diameters of an 
ellipse, and the tangent and normal at P meet the major axis 
in T and G respectively, prove that TO .TG^2 GF\ 

48. An ellipse is inscribed in a triangle having its centre 
at the centre of the circumscribed circle of the triangle; 
prove that the perpendiculars from the corners of the triangle 
on the opposite sides wiU be normals to the ellipse. 

49. Tangents are drawn from any point on the auxiliary 
circle to the ellipse ; prove that the line joining one of the 
points of contact with one of the foci is parallel to the line 
joining the other point of contact with the other focus. 

50. From a point F without an ellipse, PQ is drawn 
parallel to the major axis, Q being either of the points in 
which it meets the curve ; then the straight line bisecting 
P^ at right angles, the tangent at Q, and the line which 
joins the middle points of FK, FL (the tangents drawn 
from P) meet in a point. 

51. CF and CD are conjugate semi-diameters of an ellipse ; 
PQ is a chord parallel to one of the axes ; shew that i>§ is 
parallel to one of the straight lines which join the ends of 
the axes. 

52. A series of ellipses pass through the same point and 
have a common focus and their major axes of the same 
length ; prove that the locus of their centres is a circle. 

What are the limits of the eccentricities of the ellipses ? 

L 
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53. A parallelogram is inscribed in an ellipse, and from 
any point on the ellipse two straight lines are drawn parallel 
to the sides of the parallelogram ; prove that the rectangle: 
under the segments of these straight lines, made by the sides 
of the parallelogram, will be to one another in a constan: 
ratio. 

54 If the tangent and normal in an ellipse meet the axis 
in T and G respectively, and Q be the corresponding point of 
the auxiliary circle, then 

TQ : TP :: BC : PG. 

55. PGP' is a diameter of an ellipse, CD conjugate to 
CP ; prove that PD, DP' are inversely proportional to the 
diameters which bisect them. 

56. If EF be one side of a parallelogram described about 
an ellipse, having its sides parallel to conjugate diameters, 
and the lines joining E, F to the foci intersect in O, 0\ shew 
that (9, 0' and the foci wiU lie on a circle. 

57. If the normal at any point of a hyperbola meet the 
conjugate axis in g, and 8 be the focus, Py wiU be to Sg in a 
constant ratio^ 

58. In the rectangular hyperbola, if circles be described 
passing through the centre of the hyperbola and the points 
of intersection of the tangent with the pairs of conjugate 
diameters, their centres will lie on a fixed straight line. 

59. A chord of a rectangular hyperbola is drawn perpen- 
dicular to a fixed diameter and the extremities of the chord 
and diameter are joined by four straight lines ; then the line 
joining the two fresh points of intersection of these lines will 
be parallel to a fixed fine. 

60. A series of confocal ellipses is cut by a confocal hyper- 
bola ; prove that either focal distance of any point of inter- 
section is cut by its conjugate diameter with respect to the 
particular ellipse in a point which lies on a circle. 
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61. If from any point on the hyperbola a tangent be drawn 
to the circle described on the transverse axis as diameter, its 
length is equal to the semi-minor axis of the confooal ellipse 
through the point. 

62. With one focus of a given hyperbola as focus, and any 
tangent to the hyperbola as directrix, is described another 
hyperbola touching the conjugate axis of the former ; prove 
that the two will be similar. 

63. Two tangents are drawn to the same branch of a 
rectangular hyperbola from an external point ; prove that 
the angles which these tangents subtend at the centre are 
respectively equal to the angles which they make with the 
chord of contact. 

64. A circle is described through P, F', the extremities of 
any diameter of a rectangular hyperbola, and cutting the 
tangent at F and T; prove that F'T and the tangent to the 
circle at P meet on the hyperbola. 

65. A fixed hyperbola is touched by a concentric ellipse. 
If the curvatures at the point of contact are equal, the area 
of the ellipse will be constant. 

66. Two equal circles touch a rectangular hyperbola at a 
point 0, and intersect it again in P, Q ; P\ Q' respectively; 
prove that the points may be so taken that FF\ Q Q' each 
subtend a right angle at 0, and that the straight lines joining 
P\ Q' to the centre of the circle OPQ will trisect OP, OQ 
respectively. 

67. In a central conic given a focus, the length of the 
transverse axis, and that the second focus lies on a fixed 
straight line ; prove that the . conic will touch two fixed 
parabolas having the given focus for focus. 

68. In a hyperbola a circle is described about a focus as 
centre, with radius one-fourth of the latus rectum ; prove 
that the focal distances of the points of intersection with the 
hyperbola are parallel to the asymptotes. 

L 2 
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69. Prove that the angles subtended at the vertices of a 
rectangular hyperbola by any chord parallel to the conjugate 
axis are supplementary. 

70. A line moves in such a manner that the sum of llie 
spaces on its distances from two given points is constant: 
prove that it always touches an ellipse or hyperbola, the square 
on whose transverse axis is equal to twice the sum of the squares 
on the distances of the moving line from the given points. 

71. The eccentricity of a hyperbola is 2. A point D is 
taken on the axis, so that its distance from the focus 8 is 
equal to the distance of 8 from the further vertex A\ P beini! 
any point on the curve, AF meets the latus rectum in TL 
Prove that DK and 8P intersect on a certain fixed circle. 

72. In a hyperbola if PH, PK be drawn parallel to the 
asymptotes, and a line through the centre meet PH, PK 
in -B, jT, and the parallelogram PBQT be completed, § is a 
point on the hyperbola. 

73. If an ellipse and hjrperbola have their axes coincideDt 
and proportional, points on them equidistant from one axis 
have the sum of the squares on their distances from the other 
axis constant. 

74. In the hyperbola prove that (see fig. Prop, XXIII^ 

MD : PN :: AG : BG :: GN : GM. 

75. A parabola and hyperbola have the same focus and 
directrix, and 8PQ is a line through the focus 8 to meet the 
parabola in P, and the nearer branch of the hyperbola in Q\ 
prove that PQ varies as the rectangle contained by 8P and 

SQ. 

76. If two hyperbolas have their transverse axes parallel, 
and their eccentricities equal, they will have parallel asymp- 
totes. Does the converse hold ? 

77. PP' is any diameter of a rectangular hyperbola, Q any 
point on the curve, PR, P'B' are drawn at right angles to 
PQyPQ respectively, intersecting the normal at Q in By K: 
prove that QB and QR' are equal. 
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78. In a hyperbola a line parallel to BG, through the inter- 
section of the tangent at F with the asymptote, meets DP, 

GA produced in the same point, GB and GP being con- 
j ugate. 

79. From a given point in a hyperbola draw a straight 
line such that the segment intercepted between the other 
intersection with the hyperbola and a given asymptote shall 
te equal to a given line. When does the problem become 
impossible \ 

80. A tangent is drawn from any point on the transverse 
axis of a hyperbola to the auxiliary circle; if the angle 
"between this tangent and the ordinate be called the eccentric 
angle, shew that the eccentric angles at the points of inter- 
section of an ellipse with two hyperbolas, confocal with itsell',. 
are equal. 

81. Two unequal parabolas have a common focus and axes 
opposite ; a rectangular hyperbola is described touching both 
parabolas and having its centre at the common focus ; prove 
that the angle between the lines joining the points of contact 
to the common focus is 60°. 

82. The tangent and normal at any point of a hyperbola 
intersect the asymptotes and axes respectively in four points 
which lie on a circle passing through the centre of the hyper- 
bola; and the radius of this circle varies inversely as the 
perpendicular from the centre upon the tangent. 

83. Prove that the rectangular hjrperbola which has for its 
foci the foci of an ellipse, will cut the ellipse at the extremities 
of the equal conjugate diameters. 

84. -4-5(7 is a given triangle. CA, GB produced are the 
asymptotes of a hyperbola cutting AB wa P, Find the 
position of P when the sum of the squares on its axes is the 
greatest possible. 

85. From the point of intersection of an asymptote and a, 
directrix of a hyperbola a tangent is drawn to the curve ; 
prove that the Ime joining the point of contact with the focus 
\A parallel to the asjnnptote. 
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86. Find the position and magnitude of the axes of a 
hyperbola which has a given line for asjnnptote, passes 
through a given point, and touches a given straight line in a 
given point. 

87. Prove that a hyperbola can be described passing 
through the extremities of any two diameters of a given 
ellipse, having diameters conjugate to these for its asymp- 
totes. 

88. PQ is 2L normal at a point P of a rectangular hyperbola 
meeting the curve again in Q ] prove that FQia equal to the 
diameter of curvature at P. 

89. P is a point on a hyperbola whose foci are S and E; 
another hyperbola is described whose foci are S and P, and 
whose transverse axis is equal to SF— 2FH; shew that the 
hyperbolas will meet only at one point, and that they will 
have the same tangent at that point. 

90. The tangent at any point on a hyperbola is produced 
to meet the asymptotes, thus forming a triangle ; determine 
the locus of the point of intersection of the straight lines 
drawn from the angles of this triangle to bisect the opposite 
sides. 

91. The extremities of the latera recta of all conies which 
have a common major axis lie on two parabolas. 

92. Having given three points, prove that there are four 
straight lines such, that with any one of them as directrix, 
and any one of the given points as focus, a conic section may 
be described passing through the other two given points. 

93. In any conic section if P G, pgy the normals at the ends 
of a focal chord intersect in 0, the straight line through 
parallel to Fp bisects Gg. 

94. The normal at P to a central conic meets the axes in G 
and g ; GK and gh are perpendicular to the focal distance 
SP] then FK and FTc are constant 

If hi parallel to the transverse axes meet the normal at F 
in C, then kl will be constant. 
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95. A focal cbord P8Q of a conic is produced to meet the 
directrix in K, and KM, KN are drawn through the feet of 
•the ordinates PM, QN of P and Q* 

If KN produced, meet PM produced, in B, prove that 
JPB is equad to PMx 

96. The normals at the extremities of a focal chord PS Q 
of a conic intersect in K, and KL is drawn perpendicular to 
jP^; KF is a diagonal of the parallelogram of which 8K, 
SL are adjacent sides; prove tiiat KF is parallel to the 
transverse axis of the conic. 

97. With any point on a given circle as focus and a given 
diameter as directrix, is described a conic similar to a given 
conic ; prove that all such conies will touch the two similar 
conies to which the given diameter is a latus rectum. 

98. Every conic section passing through the centres of the 
four circles which touch the sides of a triangle, is a rect- 
angular hyperbola ; and the locus of the centre of this system 
of rectangular hyperbolas is the circle circumscribing the 
triangle. 

99. Find the locus of the centres of plane sections of a 
right cone drawn through a fixed point on the axis of the 
cone. 

100. Shew how to cut a given cone, so that the section may 
be a parabola of given latus rectum. 

101. If sections of a right curve be made, perpendicular to 
a given plane containing the axis, so that the distance 
between a focus of a section and that vertex which lies on 
the same generating line in the given plane be constant, prove 
that the transverse axes, produced if necessaiy, of all the 
sections will touch one of two fixed circles. 

102. Find the position of the vertex and axis of a cone of 
given vertical angle, in order that a given parabola may be a 
section of the cone. 
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103. Two right cones have a oommon vertex ; shew how 
to cut them bj a plane so that the sections may be similar 
and similarly situated carves (1) when they intersect (2) 
when they do not intersect 

104. The vertex of a cone and the centre of a sphere 
inscribed within it, are given in position : a plane section of 
the cone at right angles to any generating line of the cone, 
touches the sphere ; prove that the locus of the point of con- 
tact is a surface generated by the revolution of a circle, whicli 
touches the axis of the cone at the centre of the sphere. 

105. What difference is there in the problems of cutting 
a given ellipse and a given hyperbola from a right cone ? 

An ellipse and hjrperbola are so situated that the vertices 
of each curve are the foci of the other, and the curves are in 
planes at right angles to each other. If P be a point on the 
ellipse and Q a point on the hyperbola, /6f the locus, and A 
the interior focus of that branch of the hyperbola, then 

106. Two cones, whose vertical angles are supplementar}; 
are placed with their vertices coincident and their axes at 
right angles, and are cut by a 'plane perpendicular to the 
common generating line ; prove that the directrices of the 
section of one cone pass through the foci of the section of the 
other. 
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HARMPNIC RATIO. 

POLES AND POLARS. 
RECIPROCATION. 

72. Def. If a straight line AB he divided internally in 
a point 0, and externally in a point 0' so that 

AO : OB :: AO' : O'B 



A B 0' 

then ABi% said to he harmonically divided in and 0', 

The point 0' wDl evidently he on AB produced through 
the point B or A, according as -4 is greater or less than 
OB. 

If -40' is equal to OB, the point 0' moves off to an infinite 
distance. 

It is easy to see that the definition of Harmonic ratio given 
above coincides with the Algebraical Definition. 

For if -40', 00\ BO' be three quantities in Harmonic Pro- 
gression, then by the Algebraical Definition 

AO' : O'B :: AO' ^ 00' : 00' ,-, BO' 

:: AO : BO 

KB. — In Algebraical treatises 3 quantities are said to be in 
Harmonic Progression when the 1st is to the 3rd as the differ- 
ence between the 1st and 2nd is to the difiFerence between the 
2nd and 3rd, from which definition it at once follows that the 
reciprocals of the quantities are in Arithmetical Progression. 



154 APPENDIX. 

Prop. I. 

Having given the point 0, to determine the point 0\ 

Upon AB describe a segment of the circle contauung 
angle. 




Bisect either portion of the circumference A Bin the point 
E\ join EOf and produce it to meet the other portion of the 
circumference in the point P. 

Draw PO* at right angles to OP, meeting -4 P produced in 
0'\ then 

0' is the point required. 

Since E is the middle point of the arc AB^ 

. *. the angle APB is bisected by PO, 

.*. PO' bisects the supplementary angle formed by pro- 
ducing AP\ 

.-. AO' : O'B :: AO : OB. (Euclid, VL A.) 

CoR. If 0' is given, then to determine the point we 
have simply to divide ^P in the ratio of the two given lines 
A0\ O'B. 

Prop. IL 

If ^P is harmonically divided in O and 0'; then 00' is 
harmonically divided in B and A. 
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Since ^0 : OB :: AO' : O'B, 
.-. AO :A0' :: OB t O'B, 
or OB : 50' :: OA : A 0\ 
,\ 00' IB harmonically divided in B and A, 

Pkop. III. 

If -4 J? is harmonically divided in and 0\ and AB be 
bisected in C\ then 

r70 . CO' = CB^ 



A U B 0' 

Since ^0 : OB :: AO' : O'B, 
r. AO ^ OB : AO - OB :: AO' + O'B : AO' - O'B; 

or 205 : 200 :: 200' : 205, 
.\ CO . CO' = GB\ 

Dbf. When the straight line AB and therefore also Ois 
given points and 0' chosen so that 

CO . CO' = OB' 

are said to be in involution. Such points therefore divide 
AB harmonically. 

73. Dep. If a straight line -45 be divided in any two 
points and 0', either both internal or both externa], 
or one internal and the other external, and without any 
limitation as to the side of -4 5 on which the external point 
or points should fall, the ratio of the ratios A : OB and 
A 0' : O'B, or, as we shall express it, 

the ratio (^0 : OB) : (AC : O'B) 

is called the awharmonic ratio of the range AOBO', which is 
always thus represented hy AOBO', whatever maybe the 
ffeametrical order in which the letters and 0' appear with 
reference to A and 5. 

The awharmonic ratio of the range AO'BO is 

the ratio {A 0' : O'B) : (AO : OB), 

and is therefore the reciprocal of the anhaimcmic xatio of the 
range AOBO'. 
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If the points and 0*^ are both internal or both external 
with regard to A and B, then the anharmonic ratio of the 
range AOBO, \iewed algebraically, is positive; when one 
point of division is external and the other internal it is 
negative. When therefore the straight line -4-8 is harmonic- 
ally divided in and 0\ the a?iharmonic ratio of the range 
A OBO' or A O'BO would be algebraically represented by — 1. 

When the enharmonic ratios of the ranges ^0^0' and 
AO'BO are equal, it is evident that ^jB is harmonically 
divided ; for the only value of the anharmonic ratio, -which 
can be the same as its reciprocal, except unity (which would 
imply that the points and 0' were coincident) is — 1, and 
in this case, the line AB is harmonically divided. 

If the points A, 0, B, 0' of a range -4050' be joined to a 
point E, external to-4-B, then the four straight lines thus formed 
are called ii pencil, which is represented by E {AOBO'). 

Pkop. IV. 

74. If the four straight lines EA, EO, EB, EO' forming 
a pencil E {A OBO') be cut by any other straight line in the 
points a, o, b, o respectively, then the a?iharmonic ratio of 
the range aobo will be the same as that of the range 
AOBO\ however the straight line aobo' be drawn. 
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From the points and o draw OM, om at right angles to 
SA, and ON, on at right angles to EB) then the ratio 

{A : OB) : (ao : ob :: {A A OB : BOB) : (AaoB : hoE) 

:: {OM. AE: ON. EB) : {pm . aB : on . Bh) 
:: {AE'.EB) : {aB : Bb). 

So also for the point 0' 

{Aa : O'B) : {ao' : o'b) :: {AE : J;j5) : {aE : Bb) 
.'. {AO : OB) : {ao : ob) :: {AO' : O'B) : [ao' : o'2>), 
or (^0 : Oj5) : {AO' : 0'J3) :: (ao : ob) : (ao' ^ o'b). 



Prop. V. 

The straight lines joining the intersections of the diagonals 
of a quadrilateral figure with the points of intersection of a 
pair of opposite sides are divided harmonically at the points 
where they meet the other two sides ; also the sides of the 
quadrilateral are divided harmonically by these straight 
lines. 

Let ABGD be a quadrilateral, and let the diagonals AC, 
BDy intersect in E, and the pairs of opposite sides AD, BG, 
and AB, DC,m F and G respectively. 

Let EF meet the sides GD, AB^ in P, Q\ and EG the sides 
AD,BG,mR,8. 

Since the four straight lines BA, BQ, EB, EG, forming 
the pencil E {AQBG) sltq intersected by the straight line 
DPGG in the points G, P, D, G, the ranges AQBG, GPDG, 
have the same anharmonic ratio. 

Again, since the four straight lines FA, FQ, FB, FG, 
forming the pencil F {A QBG) are intersected by the straight 
line DPGG in the points D, P, G, G, the ranges A QBG, 
DPGG, have the same anharmonic ratio. 
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.-. the ranges CPDGy DPGQ, have the same anhannonic 
ratio. 

But the anharmonic ratio of the range 

CPDG, viz. the ratio {GP : PD) : (GG : aB), 

is the reciprocal of the anharmonic ratio of the range, 

BPGG, viz. the ratio {DP: PG) : (DG : GC), 

/.the ranges DPGG and GPD G are harmonic (Art. 73), 

Hence also the ranges RESG, A QBG, are harmonic ; and 
exactly in the same way it may be proved that the ranges 
FCSB, FPEQ, FDR A, are harmonic. 

Cor. If A C, BD, be produced to meet FG in H and X 
respectively; then 

AG^ BDy are divided harmonically in E, H, and -B, K 
respectively; and 

GF is divided harmonically in ZT, K. 

N.B. — The point K will be on FG or GF produced, ac- 
cording as Gff is less or greater than JffF. • If BE be equal 
to ED the point K is at infinity, and GF^ BD are parallel; 
and GF is also bisected in R, 

Prop. VI. 

75. If from an external point a pair of tangents OP, OP 
be drawn to any conic, and a straight line OQQ' intersect the 
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curve in Q, Q' and PP' in 0' ; then QQ' is divided harmo- 
nically in 0' and 0. 




Through draw V bisecting PF' in F, and draw the 
double ordinates BQvq, R'Q'v'q' parallel to PP meeting OV 
in V and v' ; then 

Qq and Q'q' are bisected in v and v' 



Now 



RP^ : R'P" 



RP : R'P 
QO' : 0' Q' 



»/ f 



RQ . Rq : R'Q' . R'q 
Rv"- Qv' : R'v'^ - Q'v'^ 
Ov' : Ov'* 
OR' : OR"' 
OR : OR' 
QO : OQ' 



.'. QQ' is divided harmonically in 0, 0' ; and therefore also 
(see Prop. II.) 00' ia divided harmonically in Q and Q'. 
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Cor. If the conic is a parabola, OVi& drawn parallel to the 
axis. If an ellipse or hyperbola, F is drawn through the 
centra If the point be the centre of the hyperbola, then, 
OPy OP' are asymptotes, and the line PP is ai infinity, and 
any chord QQ' through C is bisected at (7, while the fonrtli 
point which with C harmonically divides QQ' is at an in- 
linite distance. 

Pkop. VII. 

76. Tlie locus of the point of intersection of the tangents 
at the extremities of any chord drawn through a given point 
either within or without a conic is a straight line. 

Let be the given point. Through draw any chord 
eOe', and bisect QQ' in V. 

First let the curve be a parabola. 




Through and V draw OPO' and VWK parallel to the 
axis of the parabola meeting the curve in P and IF. 

Make WK equal to VW 

and PO' equal to PO 



AFPIENDDL 
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Then K is the point of intersection of the tangents at Q 
ajidC'. 

Prom ^Fdraw the tangent WTJ parallel to QQ' and the 
ordinate WR parallel to the tangent at P meeting 00' in D 
and -B respectively. 

Join K0\ 

Now PO' = PO by construction 
and PB = PU 
,\ O'K = OU 

- wv 

= KW 

,\ KO' \b parallel to WR, and therefore to the tangent 
at P. 

.'. the locus of K is the straight line drawn through 0' 
parallel to the tangent at P. 

Next let the curve be a central conic whose centre is C 

M 
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Through C draw COFO\ CVWK meeting the conic in 
Pand W. 

Take C0\ GK third proportionals respectively to CO^ CP, 
and or, (T'TT, sothat 

CO. CO'^ CP^and CV . CK^ GW^. 
Then K is the point of intersection of the tangents at Q 
and Q'. 

Through W draw the tangent WU parallel ^^ QQ\ and 
the ordinate WB parallel to the tangent at P meeting CP in 
?7and B respectively. 
Join K0\ 

Now CB. GU^ GP* 

= CO GO' 
.\ CBiCO' :: G0\ GU 

CV: OW 
G W : GK by constaructioD. 

. •. KG' is parallel to WB, and therefore to the tangent at P. 

.*. the locus of K is the straight line drawn through (?' 
parallel to the tangent at P. 

N.B. — In the figure the conic has been drawn an ellipse 
and the point has been taken on the inside, but it is quite 
AS easy to draw the figure when the point is on the outside 
of the curve, or when the conic is a hyperbola, and the point 
either internal or external. 
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77* Der The straight line KO' is called ^q polar of the 
point 0. 

If the point is on the concave side of the conic, the polar 
is entirely external. 

When the point is on the convex side of the curve, the 
polar intersects the conic in two points, and is identical with 
the chord joining the points of contact of the pair of tangents 
drawn from ft 

Por if the chord OQQ' drawn through the external point 
O move round the point until Q, Q' coincide and OQQ' be- 
comes a tangent, the points K^ Q, Q', will evidently all coincide 
with the point of contact of the tangent drawn from ft 
Hence the points of contact of the tangents drawn from 
are on the polar, and the polar is identical with the chord 
joining the points of contact. 

78. When the pole is given the mode of constructing geo- 
metrically the polar, or, when the polar is given, of finding the 
pole is evident at once from the above proposition, whether 
the curve be a parabola or a central conic. 

Peop. VIII. 

If the polar of pass through o, then the polar of o passes 
through 0. 

The points and o may be either both external, or one in- 
ternal and the other external, but they cannot be both internal; 
for the polar of an internal point is wholly external. 

(1) Let be external. Then the polar of is the chord 
joining the points of contact of tangents drawn from ; and 
since this chord passes through o, and is the point of inter- 
section of the tangents at the extremities of this chord, is 
evidently on the polar of o, 

(2) Let be internal Then since the point o is on the 
polar of 0, the chord of contact of the pair of tangents drawn 
from 0, i.e, the polar of o, will pass through the point ft 

Cob. From this it is evident that the point of intersection 
of two polars to a conic is the pole of the line joining the two 
poles. 

Prop. IX. 

Any chord of a conic is divided harmonically by any point 
upon it, and the point where the polar of this point meets 
the chord. 
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Let ^C be any chord of a conic, and any point upon it. 

(1) If the point is external this proposition is i^ready 
proved by Prop. VI. 

(2) If tjie point is on the concave side of the conic, let the 
polar of ©intersect QQ' or QQ' produced in 0^ ; then since the 
point 0' is on the convex side of the curve, and is on the polar 
of 0,the polar of 0' i.e, the chord joining the points of contact 
of the pair of tangents drawn from 0' must pass through 0, and 
therefore as before QQ' is divided harmonically in and 0'. 

79. If any number of points be on a straight line, their polars 
with respect to any conic will pass through the same point, 
viz., the pole of the straight line on which the points all lie ; 
mi conversely if any number of straight Unes pass through a 
point, their poles all lie on the same straight line, viz., the 
polar of the given point. This is briefly expressed by saying 
that if any number of points are eollinear, their polars are ootv- 
focal, and conversely if any number of lines are confocalj their 
poles are coUimear. 

If a point instead of moving upon a straight line trace out a 
curve, the polars of the various points of the curve with re- 
spect to any conic (which in this case is called the mmliary 
conic) will by their ultimate intersections form a new curve 
to which they are all tangents. 

Thus if P and Q be two contiguous points on the original 
curve and jp and a represent their polars (with respect to any 
auxiliary conic) the intersection of the straight lines p and q 
will tdtimately be a point on the new curve ; and since this 
point will be the pole of PQ which when P and Q are close 
together is ultimately a tangent to the original curve, it is 
evident that the polars of the several points of the new ciurve 
are tangents of the original curve, which can therefore be 
derived from the second curve in exactly the same manner as 
the second was derived from the first. 

On account of this reciprocal property the locus of the 
ultimate intersections or the envelope of {i.e, the curve touched 
by) the polars of the various points of a given curve, is called 
the polar reciprocal of the proposed curve. 

In analytical treatises it is shown that the polar reciprocal 
of any conic (with respect to an auxiliary conic) is also a 
conic. 
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In this brief notice we shall confine ourselves to shewing 
that any conic section may be produced by reciprocating, i.e. 
taJring the polar reciprocal of a drde with respect to an 
o/Kjxiliary circle; 

The advantage of having a circle for the avxUiary conic 
consists in the fact that the straight line drawn from any point 
to the centre of the circle is perpendicular to the polar of the 
point, and therefore also that the angle subtended at the 
centre of the circle by any two points is equal to one of the 
angles contained by the polars of the points. 

In finding the polar reciprocal of a given curve, there are 
two ways in which we niiay proceed. We may either find the 
envelope of the polars of the different points of the original 
curve, or we may find the locus of the poles of the tangents at 
the different points of the original curve. The latter is the 
method which will be followed in the next article. 

Prop. X. 

The polar reciprocal of a circle, with respect to an auxiliary 
circle, will be a conic. 

Let S be the centre of the auxiliary circle, and the centre 
of the circle to be reciprocated. 
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Join SOf and on 80 produced, if necessary, take S(y a third 
proportional to SO and the radius of the auxiliary circle. 
Through 0' draw O'M at right angles to 80', then O'M is 
the polar of (Art. 78). 

At any point F on the circle whose centre is O, draw the 
tangent PV; and from iSdraw /SZ perpendicular to PY, 

On 8Y produced, if necessaty, take a point P' so that 

8Y . 8P ^ 80 . 80' 
Then P' is the pole of PY. 

Draw P'Jf perpendicular to O'M; th^n since 

8Y . 8r = 80 . 80' 
.\8P' : SO' :: 80 : 8Y 

Kow since the quadrilateral figures 8PM 0\ 8 OP Y die 
equiangular and 

8P : 80' :: 80 : 8Y 

it is at once seen that these figures are also similar, 

.'.Sr : P'M:: 80 : OP 

,\ the locus of P' is a conic whose focus is S, directrix 
O'M the polar of 0, and eccentricity the ratio of 80 : OP. 

CoR. Since the eccentricity of the conic depends only upon 
the ratio of 80 : OP, the polar reciprocal will he an ellipse, 
parabola, or hyperbola, according as iS^ is inside, on, or outside 
the circle to be reciprocated. 

The distance of the directrix from 8 can be made as large 
or small as we please by increasing or diminishing the radius 
of the auxiliary circle, without altering the eccentricity of the 
curve. 

If the point P be such that the tangent pass through S, the 
point P will be at infinity. If therefore tangents be drawn 
from S to the given circle, the lines drawn through Sat right 
angles to these tangents will meet the curve at infinity, and 
will therefore be parallel to the asymptotes of the conic, which 
in this case will be an hyperbola since 8 is outside the given 
circle. 

The focus 8, the distance 80' of the directrix, and the 
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eccentricity being known, all the other elements of the conic 
can be at once determined^ 

80. By combining the harmonic properties of the complete 
quadrilateral with the harmonic property of the conic, viz., 
that any chord is divided harmonically by the pole and polar, 
many important theorems with regard to figures inscribed in 
and circumscribed about a conic may be deduced. 



Prop. XL 

The triangle formed by the point of intersection of the 
diagonals of a quadrilateral figure inscribed S^ a conic, and 
the points of intersection of the opposite sides is self-conjugate, 
i,e. each angular point is the pole (with regard to the conic) 
of the opposite side. 

Let ABCD be a quadrilateral inscribed in a conic. 




Now since the chord BG is divided harmonically in F 
and 8, (Prop. V.) 

,\ the polar of F passes through S. 

So the polar of F passes through JS, 

. •. as or FO is the polar of JFl 
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So also EF is the polar of O. 

HeDce E the point of intersection of E¥ and EG is the po!2^ 
of FG and .*. the triangle EFQ is self-conjugateL 



Prop. XII. 

The intersection of the diagonals of a quadrilateral figure 
described about a conic is the pole with respect to the conic 
of the straight line joining the points of intersection of the 
pairs of opposite sides. 




Let ABCD be a quadrilateral figure described about a 
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conic; then the intersection E of the diagonals ACy BD 
shall be the pole of the straight line FG joining the points 
of intersection of AD, £C and AB, DC. 

Let a, h, c, d be the points of contact of the sides <5f the 
quadrilateral with the conic. 

Complete the quadrilateral abed, and let e be the inter- 
section of the diagonals ac, bd; and / and g those of the 
pairs of the opposite sides ad, be and dc, ab respectively. 

Now by the last proposition e is the pole oifg with respect 
to the conic which is inscribed in A BCD and therefore 
described about abed. 

But since Fis the pole of db and G^ is the pole of ac 

.*. 6 is the pole of FG 

.'. the straight lines /^ and FG coincide. 

Again since A is the pole of ad and C is the pole of be 

.-. /is the pole o{ AC 
So also g is the pole of BB 

.*. ^ is the pole otfg 
.*. the points E and e coincide, 
but e is the pole of FG 
.-. ^ is the pole of -f'G^. 

Cor. 1. Since /is the pole of -40 and also of eg or Eg, 
the straight line A G passes through g 

So also BD passes through/. 

Cor. 2. If ac pass through the point F then G is the pole 
of FF, and 

E has been proved to be the pole of FG 

.-. i^ is the pole of i^G^ 

.•. bd passes through the point G, 
In this case, but in this only, the A EFG is self-conjugate. 
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ELEMENTARY CLASSICS. 

i8mo, eighteenpence each. 

This Series falls into two classes — 
(i) First Reading Books for Beginners, provided not 

only with Introductions and Notes, but with Vocabularies. 

(2) Stepping-stones to the study of particular authors, 
intended for more advanced students, who are beginning 
to read such authors as Terence, Plato, the Attic Dramatists, 
and the harder parts of Cicero, . Horace, Virgil, and 
Thucydidcs. 

These are provided with Introductions and Notes, but 
no Vocabulary. The Publishers have been led to provide 
the more strictly Elementary Books with Vocabularies by 
the representations of many teachers, who hold that be- 
ginners do not understand the use of a Dictionary, and of 
others who, in the case of the very large class of middle-class 
schools, where the cost of books is a serious consideration, 
advocate the Vocabulary system on grounds of economy. 
It is hoped that the two parts of the Series, fitting into 
one another, may together fulfil all the requirements of 
Elementary and Preparatory Schools, and the Lower Forms 
of Public Schools. 

The following Elementary Books, with JniroducHons, Notes, 
and VocabularieSy are either ready or in preparation : — 

CiESAR. THE GALLIC WAR, Book I. Edited by A. S. 
Walpole, M.A, [Ready. 
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OJB8AR. THE GALLIC WAR. Books IL and IIL Edited 
by W. G. Rutherford, M.A., Balliol Collie, Oxford; 
Assistant-Master at St. Paul's School. 

\Ready, VOCABULARY in preparation, 

THE GALLIC WAR, SCENES FROM BOOKS IV. 
AND V, Edited by C. Colbrck, M.A., A<;sistant- Master 
at Harrow ; formerly Fellow of Trinity College, Cambridge. 

[Ready, Vocabulary in preparation. 

SXTTROPII HISTOBIA BOfKANA. SELECTIONS. Edited 

by William Welch, Assistant-Master at Surrey County 

School, Cranleigh. \In the press, 

CICERO. DE SENECTUTE. Edited by E. S. Shuckburgh, 
M. A., late Fellow of Emmanuel College, Cambridge ; Assistant- 
Master at Eton College. [/« preparation, 

DE AMICITIA, By the same Editor. \In preparation, 

OBEEK TESTAMENT. SELECTIONS FROM THE 
GOSPELS, Edited by Rev. G. F. Maclear, D.D., Warden 
of St. Augustine's College, Canterbury. [Fn preparation. 

HOMER. IL/AD, Book I. Edited by Rev. John Bond, 
M.A., and A. S. Walpole, M.A. [In preparation. 

ILIAD. Book XVIII. THE ARMS OF ACHILLES 
Edited by S. R, James, M.A., Assistant- Master at Eton 
College. [Ready, Vocabulary in preparation, 

ODYSSEY, Book I. Edited by Rev. John Bond, M.A., 
and A. S. Walpole, M.A. [In the press. 

HOBACB. ODES. Books I.— III. Edited by T. E. Page, 
M.A., late Fellow of St. John's College, Cambridge; 
Assistant- Master at the Charterhouse. Each is. 6d. 

[Ready, Vocabularies in preparation. 
Book IV. By the same Editor. [In the press, 

LIVY. Book I. Edited by Rev. H. M. Stephenson, M.A., 
Head Master of St, Peter's School, York. [In preparation, 
THE HANNIBALIAN WAR. Being part of the 2ist 
and 22nd books of Livy, adapted for the use of beginners, 
By G. C. Macau lay, M.A., Assistant • Master at Rugby; 
formerly Fellow of Trinity College, Cambridge. 

[Ready. Vocabulary in the press. 
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OVIB. SELECTIONS. Edited by E. S. Shuckburgh, M. A. 

[Ready. Vocabulary in Reparation, 
PHJBDRU8. SELECT FABLES, Edited by A. S. Walpole, 

M.A. [In the press. 

THUCYDIDE8. THE RISE OF THE ATHENIAN 

EMPIRE. Book I. cc. 89—118 and 128—138. Edited by 

F. H. CoLSON, B. A., Fellow of St. John's College, Cambridge ; 

Assistant- Master at Clifton College. [In preparation, 

VIRGIIt. jENEID. Book I. Edited by A. S. Walpolb, 
M.A. [Ready, 

jENEID, Book V. Edited by Rev. A. Calvbrt, M.A , 
Fellow of St. John's College, Cambridge. [Ready, 

SELECTIONS. Edited by E. S. Shuckburgh, M.A. 

[In the press, 

atBNOPHON. ANABASIS, Book L Edited by A. S. 

Walpole, M.A. [Ready, 

The following more advanced Books, with Introductions 
and Notes, but no Vocabulary, are either ready, or in 
preparation ; — 

OICERO. SELECT LETTERS. Edited by Rev. G. E. Jeans, 
M.A., Fellow of Hertford College, Oxford, and Assistant- 
Master at Haileybury College. [Ready. 

BURIPID B8. HECUBA, Edited by Rev. John Bond, M. A., 
and A. S. Walpole, M.A. [Ready. 

HBRODOTU8. SELECTIONS FROM BOOKS VIL and VIIL 
THE EXPEDITION OF XERXES. Edited by A. H. 
Cook, M.A., Fellow and Lecturer of King's College, Cam- 
bridge. [Ready. 

HORAOB. SELECTIONS FROM THE SATIRES AND 
EPISTLES. Edited by Rev. W. J. V. Baker, M.A., 
Fellow of St. John's College, Cambridge ; Assistant-Master 
at Marlborough [Ready. 

LIVY. THE LAST TWO KINGS OP MACEDON, SCENES 
FROM THE LAST DECADE OF LIVY. Selected and 
Edited by F. H. Rawlins, M.A., Fellow of King's College, 
Cambridge, smd Assistant -Master at Eton College. 

\In preparatum, 

a a 
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>. RUTHYPHRO AND MENEXENUS, Edited by 
C. E. Gkavss, M.A., CbL!>sical Lecturer and late Fellow of 
St. John's CoUege, Cunbridge. iRtady. 

SCENES FROM THE ANDRIA. Edited by 
F. W. Cornish, M.A., Assirtant-Mastcr at Eton CoU«^. 

[In thepras, 

TRH omBBK BI.BOIAO POBT8. FROM CALLINUS TO 
CALLIMACHUS. Selected and Edited by Rev. Herbert 
Kynaston, M.A., Principal of Cheltenham College, and 
formerly FeUow of St. John's CoUege, Cambridge. \Riadf, 

THUCTDIDBS. Book IV. Chi. 1-41. THE CAPTURE OF 
SPHACTERJA, Edited by C. E. Graves, M.A. [Ready, 

VIROII.. GEORGICS, Book IL Edited by Rev. J. H. 
Skrinb, M.A,, late Fellow of Merton College^ Oxford; 
Assistant-Master at Uppingham- [Ready. 

%» Other Volumes to JoUew, 



MACMILLAN'S CLASSICAL SEMES FOR 
COLLEGES AND SCHOOLS. 

Fcap^ Svo. 

Being select portions of Greek and Latin authors, edited 
with Introductions and Notes at the end, by eminent 
scholars. The series is designed to supply first-rate text- 
books for the higher forms of Schools, having m view 
also the needs of candidates for public examinations at the 
Universities and elsewhere. 

The following volumes are ready :— 
JBSCHINS8-IN CTE8IPHONTEM. Edited by Rev. T. 
GwATKiN, M.A., late FeUow of St. John's College, Cambridge. 

[In the press, 

JEBCBYliUS — PERSJE. Edited by A. O. Prtckard, M.A., 
Fellow and Tutor of New Collie, Oxford. With Map. y, 6d, 

CATUiiliUS— SELECT POEMS. Edited by F. P. Simpson, 
B.A., late Scholar of Balliol College, Oxford. New and 
Edition. $f. 
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CIOBRO—THB 8BOOND 1^HII.IP1^I0 ORATION. From 
the German of Karl Halm. Edited, with Corrections and 
Additions, by John E. B. Mayor, Professor of Latin in the 
University of Cambridge, and FelloW of St. John's College. 
. New Edition, revised. 5j. 
THB CATII.INB ORATIONS. From the German of 
Karl Halm Edited, with Additions, by A. S. Wilkins, M.A., 
Professor of Latin at the Owens College, Manchester. New 
Edition, ^s. 6d. 

THB ACADBHICA. Edited by JAMES Rkid, M.A., 
Fellow of Caius College, Cambridge. 4s, 6d, 

PRO LB6E MANII.IA. Edited after Halm by Prof. 
A. S. Wilkins, M.A. 3^. 6d. 

PRO R080I0 AMBRINO. Edited after Ha;.M by E. 
H. DoNKiN, M.A., late Scholar of Lincoln College, Oxford; 
Assistant-Master at Uppingham. 49. 6d, 

PRO P. 8B8TIO. Edited by Rev. H. A. HoLDSN, 
M.A., LL.D., late Head-Master of Ipswich School, and 
Fellow and Assistant Tutor of Trinity CollegCt Cambridge, 
Editor of Aristophanes, &c. [In preparation. 

OBttlOSTHBNBS— THB ORATION ON THB OROIVN. 

Edited by B. Drakx, M.A., late FeUow of Khig's College, 
Cambridge. New and revised Edition. 4;. 6d, 

ADVBRBU8 IiBPTINBM. Edited by Rev. J. R. KtNO, 
M.A., Fellow and Tutor of Oriel College, Oxford. 4J. (xi. 

THE PIR8T PHIIikpPlO. Edited after C. Rehdantz, 
by Rev. T. Gwatkin, M.A., late FeUow of St. John's 
Colle?e, Cambridge. 2J. 6^. 
BURIPIDB8— HIPPOLYTU8. Edited by J. P. MahafFY, M.A. , 
Fellow and Professor of Ancient Hist, in Trinity Coll., Dublin, 
and J. B. Bu&Y» Scholar of Trinity College, Dublin. 3^. 6^. 

MEDEA. Edited by A. W. Vbrrall, M.A., Fellow and 
Lecturer of Trinity College, Cambridge. 3^. 6</. 
8BI.BCT PLAY8, by various Editors. 

BACCHAB. Edited by E. S. ShuckburOR, M. A., Assistant- 
Master at Eton College. [In preparation. 

IPHIGBNIA IN TAURI8. Edited by K B. England, 
M. A., Lecturer at the Owens College^ MAndiefttcr, [In th4 press. 
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or dmsacm bt xbmjlmb. 

VII. mmA VIII. Edited hj Thomas Case, M.A., 
fonneity FeDow of finsenose College, Oxford. \fn preparation. 

WEM,'% IIOAO— THB STORV OP ACHIUiiES. Edited 

by like late J. H. Pratt, M.^., and Waltxk Lbap, M.A., 
Fdlows of Trinirf CoUege, Cambridge. 61. 

OMBB'S OBVSSBT— THB' NABBATIVB OP ODY8- 

SBUSy Books IX.~XII. Edited by John E. B. Mayor, 
M.A. Part L 3r. 



TBIUHFH OP OBVS8BUS. Edited by S. G. HAMILTON, 
B.A., Fdlow of Hertford College, Oxford, y. 6J. 

HOBACB--THB OBBS. Book IV. and CABM BN 8BCU- 
LAB0- Edited by T. E. Page, M.A., AssLstant-Master at 
Charterhoose. 2f. 

THB ODBS. Edited by T. E. Page, M.A., Assistant- 
Master at CharteriKMise, and late Fellow of St John's College, 
Cambridge; [In the pras. 

THB SATIBBS. Edited by Arthur Palmer, M.A., 

FeUow and Professor of Latin in Trinity CoUq^, Dublin. 

\1h the press, 

THB BPISTIA8 AND ABS POBTIOA. Edited by 
Professor A. S. WiLKiNS, M.A. [fn the press. 

JUVBNAIi. Edited, for the Use of Schools, by E. £. Hardy, 
M.A., Head Master of Grantham Grammar School; late 
Fellow of Jesus Collie, Oxford. [In preparation, 

SBltBCT SATIBBS. Edited by JOHN E. B. Mayor, 
Fellow of St. John's Collie, Cambridge, and Professor 
of Latin. Satires X. and XI. y. td. Satires XIL— 
XVL 4J. 6d. 

bIVY— HANNIBAL'S FIRST CAMPAIGN IN ITA&V. 
Books XXI. aad XXII. Edited by the Rev. W. W. Capes, 
Reader in Ancient History at Oxford. With 3 Maps. 51. 
Books II. aad III. Edited by Rev. H. M. Stephenson, 
M.A., Head Master of St Peter's School, York. $s, 

ItUCRBTIUS-Books I. to III. Edited by J. H. Warbueton 
Lee, M.A., late Scholar of Corpus Christi College, Oxford, 
and Assistant-Master at Rossall. [In preparation. 
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I1YSIA8— SEIiECT ORATIONS. Edited by E, S. ShuCK. 
BURGH, M.A., Assistant- Master at Eton College. 6s. 

MARTIAIi^SELECT EPIGRAMS. Edited by Rev. H. M. 
Stephenson, M.A. 6s, 

OVID— PASTI. Edited by G. H. Hallam» M.A., Fellow of 
St} John's College, Cambridge, and Assistant- Master at 
Harrow. With Maps. $s, 

HBROIDUM EPISTUIaJE XIII. Edited by £. S. 
Shuckburgh, M.A. 4^. 6d. 

MBTAMORPHOSES. Books XIII. and XIV. Edited 
by C. Simmons, M.A. [In the press, 

?IaATO~MBNO. Edited by £. S. THOMPSON, M.A., Fellow 
of Christ's College, Cambridge. [In preparation, 

APOLOGY AND OBITO. Edited by F. J. H. Jenkinson. 
M.A., Fellow of Trinity College, Cambridge. [In preparation^ 

THB REPUBIiIC. Books I.— V. Edited by T. H. 
Warren, M.A., Fellow of Magdalen College, Oxford. 

[In prtparation. 

PIfcAUTUS— MILCS GLORIOSU8. Edited by R. Y.Tyrrell, 
M. A., Fellow and Professor of Greek in Trinity Coll., Dublin. 5J. 

PIiINY'S IiBTTBRS— Book III. Edited by Professor John E. 
B. Mayor. With Life of Pliny by G. H. Kendall, M.A. 5^. 

PItUTAROH — I.IFE OF THBMISTOKI.BS. Edited 
by Rev. H. A. Holden, M.A., LL.D., Head Master of 
Ipswich School ; some time Fellow of Trinity College, Cam- 
bridge; Editor of "Aristophanes," &c. $5. 

PROPERTIUS— SBI.EOT POEMS. Edited by J. P. POST- 
GATE, M.A., Fellow of Trinity College, Cambridge. 6s, 

8ALLU8T— CATII.INE and JUGURTHA. Edited by C. 
Merivale, D.D., Dean of Ely. New Edition, carefully 
revised and enlarged, 4J. 6d, Or separately, 2s, 6d. each. 

■OPHOCLE8— ANTiGONB. Edited by Rev. JOHN BOND, 
M.A., and A. S. Walpolb, M.A. [In preparation. 
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TACITUS— AamiOOLA and dBKMAlTIA. Edited by A. J. 
Church, M.A., and W. J. Bkodubb, M.A., Translators of 
Tacitus. New Edition, y. 6d, Or separately, 2s. each. 
THB ANNAIaSy Book VI. By the same Editors. 2j. 6d, 
THB HISTORY. Books I. mad II. Edited by C. E. 
Graves, M.A. [In ^e^raium. 

TBKEIVCE^HAUTOIV TIM OBUMENOS. Edited by £. S. 
Shuck BURGH, M.A., Assistant-Blaster at Eton College, y. 
With Translation, 4/. 6«/. 

PHORMIO. Edited by Rer. JoHK BOND, M.A., and 
A. S. Walpolk, B.A, 4f. d</. 

THUCYDIDB8— THB 8ICII.IAN BXPBDITION, Books 
VI. and VII. Edited by the Rev. Percival Frost, M.A, 
late Fellow of- St. John's College, Cambridge; New Edition, 
revised and enlarged, with Map. 5/. 

THUCYPIDFS— Books I. and II. Edited by H. BeoadbsnTi 
M.A., Fellow of Exeter College, Oxford, and Assistant- 
Master at Eton College. [In Reparation, 
Books III. IV. and V. Edited by C £. Graves, M.A., 
Clas>ical Lecturer, and late Fellow of St. John's College, 

Cambridge. (To be published separately.) 

[Book IV. in the presi. 

TIBULlaUS. SELECTIONS, EditedbyJ. P. POSTGATE, M.A„ 

Fellow of Trinity College, Cambridge. [In preparation, 

VIRGIL— ANBID II. and III. The Narrative of iEneas. 
Edited by E. W, HowsoN, M.A., Fellow of Kin^s 
College, Cambridge, and Assistant-Master at Harrow. 5/. 

XENOPHON— HEIiIiENICA, Books I. and II. Edited by 
H. Hailstone, B.A., late Scholar of Peterhouse, Cambridge. 
With Map. 4J. 6^/. 

CYROPADIA, Books VII. and VIII. Edited by ALFRED 
Goodwin, M.A., Professor of Greek in University Collie, 
London. 5j. 

MEM ORABII.IA 80CRATI8. Edited by A. R. Clubr, 

B.A., Balhol College, Oxford. 6*. 

THB ANABASIS— Books L to IV. Edited, with Notes, 
by Professors W. W. Goodwin and J. W. White. Adapted 
to Goodwin's Greek Grammar. With a Map. $1. 

Other volumes will follow. 
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iB80HYI.U8— TlfiT^ EUMENIDES. The Greek Text, with 
Introduction, English Notes, aud Verse Translation. By 
Bernard Drake, M.A., late Fellow of Kingfs College* 
Cambridge. 8vo. 5j. 

THE ORES TE IAN TRILOGY, Edited, with Introduction 
and Notes, by A. O. Prickard, M.A., Fellow and Tutor of 
New College, Oxford. 8vo. [In preparation, 

ANTONINUS, MARCUS AVKRIA-VS—BOOICIV. OF THE 
MEDITA TIONS, The Text Revised with Translation and 
Notes. By Hastings Crossley, M.A., Piofessor of Greek 
in Queen's College, Belfast 8vo. 6j. 

ABISTOTLE.— ^iV INTRODUCTION TO ARISTOTLE'S 
RHETORIC, With Analysis, Notes, and Appendices. By 
E. M. Cope, Fellow and Tutor of Trinity College, Cambridge, 
8vo. 14J. 

ARISTOTLE ON FALLACIES ; OR, THESOPHISTICI 
ELENCHL With Translation and Notes by E. Poste, M. A., 
Fellow of Oriel College, Oxford. 8vo. 8j. (id, 

THE METAPHYSICS, BOOK L Translated by a Cam- 
bridge Graduate. 8vo. 5^. [Book 11, iu preparation, 

THE POLITICS, Edited, after Susemihl, by R. D. Hicks, 
M.A., Fellow of Trinity College, Camb. 8vo. \In the press, 

THE POLITICS. Translated by J. E. C. Welldon, M.A., 
Fellow of King's College. Cambridge, and Head Master of 
Dulwich College. Crown 8vo. [In the press^ 

THE RHETORIC, By the same Translator. [In preparation, 
ARISTOPHANES— 7W£ BIRDS, Translated into English 

Verse, with Introduction, Notes, and Appendices, by B. H. 

Kennedy, D.D., Regius Professor of Greek in the University 

of Cambridge. Crown 8vo. 6j. Help Notes to the same, 

for the use of Students. \s. 6d, 
ARNOI.D— ^ HANDBOOK OF LATIN EPIGRAPHY^ 

By W. T. Arnold, B.A. [In preparation. 

THE ROMAN SYSTEM OF PROVINCIAL AD- 
MINISTRATION TO THE ACCESSION OF CON- 
STAN TINE THE CREA T Crown 8vo. 6j 

'* Ought to prove a valuable handbook to the student of Roman His- 
tory. "—Guakdiah. 
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BABRIUS. (RUTHERFORD.) BABRIUS. Edited, with 
Introductory Dissertations, Critical Notes, Commentary and 
Lexicon. By W. G. Rutherford, M.A., Author of "The 
New Phrynichus," &c., l^alliol College, Oxford; Assistant- 
Master in St. Paul's School. 8vo. I2J. 6d, 

^^1mCV,^1Bl-- SHORT EXERCISES IN LATIN PROSE 
COMPOSITION AND EXAMINATION PAPERS IN 
LATIN GRAMMAR, to which is prefixed a Chapter on 
Analysis of Sentences. By the Rev. H. Belcher, M.A., 
Assistant-Master in King's College School, London. New 
Edition. i8mo. \s. 6d. 
KEY TO THE ABOVE (for Teachers only). 2s. 6d. 
SHORT EXERCISES IN LATIN PROSE COMPOSI. 
TION PART II., On the Syntax of Sentences, with an 
Appendix, incMing EXERCISES IN LATIN IDIOMS, 
dr»^. i8mo. 2s. 
KE Y TO THE ABO VE. [In pref^aration, 

BImACKI^—GREEUT and ENGLISH DIALOGUES FOR 
USE IN SCHOOLS AND COLLEGES. By John 
Stuart Blackie, formerly Professor of Greek in the University 
of Edinburgh. New Edition. Fcap. 8vo. 2j. dd, 

CICERO - THE A CADEMICA. The Text revised and explained 
by James Re id, M.A., Fellow of Caius College, Cambridge. 
New Edition. With Translation. 8vo. [In the press. 

THE ACADEMICS, Translated b/ James S. Reid. M.A. 
8vo. 5^. dd, 

SELECT LETTERS. ^Ki\.tx the Edition of Albert 
Watson, M.A. Translated by G. E. Jeans, M.A., Fellow 
of Hertford College, Oxford, and Assistant- Master at Hailey- 
bury. 8vo. loj. dd. 

CIiASSICAIi WRITERS. Edited by J. R. Green, M.A. 
Fcap. 8vo. \s. 6d. each. 

A Series of small volumes upon some of the principal 
classical writers whose works form subjects of study in our 
Schools. 

EURIPIDES. By Professor J. P. Mahaffy. [Ready. 

LIVY By Rev. W. W. Capes, M.A. [Rtady. 

SOPHOCLES, By Prof. Lewis Campbell. [Ready. 
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OI.AS8ICAI. ^^RITBRB Continued^ 

VERGIL, By Professor H. Nettleship. [Ready, 

DEMOSTHENES. By Prof. S. H. Butcher. \Ready, 

TACITUS, By A. J. Church, M. A., & W. J. Brodribb, 
M.A. {Ready, 

CICERO. By Professor A. S. WiLKiNS. 1,, ^^ 
HERODOTUS, By James Bryce, M. A. P^'' preparation, 

-^IjJmIS— PRACTICAL HINTS ON THE QUANTITATIVE 
PRONUNCIATION OF LATIN, for the use of Classical 
Teachers and Linguists. By A. J. Ellis, B.A., F.R.S. 
Extra fcap. 8vo. ' 4J. (yd. 

KKQImAVI^— EXERCISES ON LATIN SYNTAX AND 

IDIOM, ARRANGED WITH REFERENCE TO 

ROBY'S SCHOOL LATIN GRAMMAR, By E. B. 

England, M.A., Assistant Lecturer at the Owens College, 

Manchester. Crown 8vo. 2s. 6d, — Key, for Teachers only, 
2s, (yd, 
EURIPIDBS—MEDBA. Edited, with Introduction and Notes, by 

A. W. Verrall, M.A., Fellow and Lecturer of Trinity 

College, Cambridge. 8vo. is, 6d, 
OEDDES— r^iB PROBLEM OF THE HOMERIC POEMS, 

By W. D.' Geddes, Professor of Greek in the University of 

Aberdeen. 8vo. 145. 
GIiAOSTONB— Works by the Rt. Hon. W. E. GLADSTONE, M.P. 

JUVENTUS MUNDI; or, Gods and Men of the Heroic 

Age. Second Edition. Crown 8vo. lor. dd, 

THE TIME AND PLACE OF HOMER, Crown 8vo. 

ds, dd, 

A PRIMER OF HOMER, i8mo. \s, 
GOODWIN —Works by W. W. GooDWiN, Professor of Greek in 

Harvard University, U.S.A. 

SYNTAX OF THE MOODS AND TENSES OF THE 

GREEK VERB, New Edition, revised. Crown 8vo. 

61. (id, 

A GREEK GRAMMAR. New Edition, revised. Crown 

8vo. 6^. 

** It is the best Greek Grammar of its sise in the English language.''-^ 
A ihenautn. 

A GREEK GRAMMAR FOR SCHOOLS, Crown 8vo. 
y, 6d. 
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OOODWIM— ^ TEXT-BOOK OP GREEK PHILOSOPHY, 
ba$ed on Rittbr and Prellsr's "Historia Philosophiae 
Graecae et Romanae." By Alfred Goodwin, M.A., Fellow 
of Balliol College, Oxford, ,and Professor of Greek in 
University College, London. 8vo. [In pnparaHan, 

ORBBNWOOD— TW'^ ELEMENTS OF GREEK GRAM- 
MAR, including Accidence, Irregular Verbs, and Principles of 
Derivation and Composition ; adapted to the System of Crude 
Forms. By J. G. Greenwood, Principal of Owens College, 
Manchester. New Edition. Crown 8vo. 5^. 6d, 

HBRODOTU8, Boolw I.— III.— TWiB EMPIRES OP THE 
EAST. Edited, with Notes and Introductions, by A. H. 
Saycb, M.A., Fellow and Tutor of Queen's College, Oxford, 
and Deputy-Profesior of Comparatiyc Philology. 8vo. 

[In the press. 

UOJ^aBOfS—MYTHOLOGy FOR LATIN VERSIFICA- 
TION A brief Sketch of the Fables of the 'Ancients, 
prepared to be rendered into Latin Verse for Schools. By 
F. Hodgson, B.D., late Provost of Eton. New Edition, 
revised by F. C. Hodgson, M.A. i8mo. 3*. 

HOMBR— 7:£r£ ODYSSEY. Done into English by S. H. 
BUTCHKR, M.A., Professor of Greek in the University of Edin- 
burgh, and Andrew Lang, M. A., late Fellow of Merton Col- 
lege, Oxford. Third Edition, revised and corrected, with new 
Introduction, additional Notes, and Illustrations. Crown 8vo 
loj. (id. 

THE ILIAD. Edited, with Introduction and Notes, by 
Walter Lkaf, M.A., Fellow of Trinity College, Cambridge, 
and the late J. H. Pratt, M.A. 8vo. [In preparatum, 

THE ILIAD. Translated mto English Prose. By Andrew 
Lang, M.A., Walter Leaf, M.A., and Ernest Myers, 
M.A. Crown 8vo. 12^. 6^. 

HOMERIC DICTIONARY. For Use in Schools and Colleges. 
Translated from the German of Dr. G. Autenrieth, with 
Additions and Corrections by R. P. Keep, Ph.D. With 
numerous Illustrations. Crown 8vo. ds. 
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aottAOB--7Zrir works of Horace^ rendered into 
Enflish Prose, with Introductions, Running Analysis, and 
Notes, by J. Lonsdale, M.A., and S. Lbs, M.A. Globe 
8to. y, 6d. 

JACHSO'N— FIRST STEPS TO GREEK PROSE COM- 
POSITION. By Blomfield Jackson, M.A., Assistont- 
Master in King's College School, London. New Edition, 
revised and enlarged. i8mo. \s, 6d, 

KEY TO FIRST STEPS. i8mo. p, 6^. 
(Supplied to Teachers only.) 

SECOND STEPS TO GREEK PROSE COMPOSITION, 
with Miscellaneous Idioms, Aids to Accentuation, and Exami- 
nation Papers in Greek Scholarship. i8mo. 2J. 6<^. 

KE K TO SECOND STEPS, i8mo. y. 6d. 
(Supplied to Teachers only. ) 

A MANUAL OF GREEK PHILOSOPHY, By Henry 
Jackson, M. A., Fellow and Praelector in Ancient Philosophy, 
Trinity College, Cambridge. [In prepartUion. 

— Works by R. C. J ebb, M.A., Professor of Greek in the 
University of Glasgow. 

THE ATTIC ORATORS FROM ANTIPHON TO 
ISAEOS 2 vols. 8vo. 25^. 

SELECTIONS FROM THE ATTIC ORATORS, ANTI 
PHON, ANDOKIDES, LYSIAS, ISOKRATES, AND 
ISMOS, Edited, with Notes. Being'a companion volume to 
the preceding work. 8vo. \2s. 6d. 

THE CHARACTERS OF THEOPHRASTUS. Translated 
from a revised Text, with Introduction and Notes. Extra fcap. 
8vo. dr. 6d, 

A PRIMER OF GREEK LITERATURE, i8mo. is7 

A HISTOR Y OF GREEK LITER A TURE, Crown 8vo. 

[In preparation 
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JUVBNAI.- THIRTEEN SA TIRES OF JUVENAL. With 

a Commentary. By John £. B. Mayor, M.A., Kennedy 

, Professor of Latin at Cambridge. VoL I. Second Edition, 

enlarged. Crown 8vo. *js, 6d. Vol. IL Crown 8vo. lOf. 6d. 

** For realljr ripe scholarship, extensive acquaintance with Latin litera- 
ture, and familiar knowledge of continental criticism, ancient and modem, 
it is unsurpassed among English editions." — Pkof. Conington im 
"Edinburgh Rbvibw." 

** Mr. Mayor's work is beyond the reach of common literary compli- 
ment. It u not only a commentary on Juvenal, but a mine of the most 
valuable and interesting information on the history, soc^ condition, 
manners, and beliefs of the Roman world during the period of the eariy 
Empire.** — Prop. Nbttlbskip in thb " Academy. 

" Scarcely any valuable contribution that has been hitherto made to the 
interpretation of Juvenal will be sought in vain in this commentary .... 
This excellent work meets the long felt want of a commentary to Juvenal 
on a level with the demands of modem sdenoe." — Prup. Fribdlandbr 

OP KdNIGSBBRGIN '* JaHRBSBBRICHT pDR AlTBRTHUMSWISSBNSCHAPT." 

THIRTEEN SATIRES. Translated into English after the 
Text of J. E. B. Mayor by Herbert Strong, M.A., Professor 
of Latin, and Alexander Leeper, M.A., Warden of Trinity 
College, in the University of Melbourne. Crown 8vo. 3^. td. 

KJ-EVJ^nT— MANUAL OF ANCIENT GEOGRAPHY, 

Translated from the German of Dr. Heinrich Kiepert. 

Crown 8vo. ^s. 

"The English Edition of the ' Manual ' will form an indbpensable com- 
panion to Kiepert's 'Atlas 'now used in many of our leading schools."— 
THE Times. 

KYJHABT019-- EXERCISES IN THE COMPOSITION OF 

GREEK' IAMBIC VERSE by Translations from English 

Dramatists. By Rev. H. Kynaston, M.A., Principal of 

Cheltenham College. With Introduction, Vocabulary, &c 

Extra fcap. 8vo. 41. 6d. 

KEY TO THE SAME (for Teachers only). Extra fcap. 
8vo. 4r. 6d, 

LIVY, Books XXI. — XXV. Translated by Alfred John 

Church, M.A., of Lincoln College, Oxford, Professor of 

Latin, University College, London, and William Jackson 

Brodribb, M.A., late Fellow of St. John's College, Cambridge. 
Crown 8vo. yj. 6d. 

VACWlhlsAlt —FIRST LATIN GRAMMAR. By M. C. 
Macmillan, M.A., late Scholar of Christ's* College, Cambridge; 
sometime Assistant-Master in St. Paul's School. New Edition, 
enlarged. i8mo. is. 6d, A Short Syntax is in preparation 
to follow the Accidence. 
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MAHAPPY-Worlcs by J. P. Mahaffy, M.A., Professor of 
Ancient History in Trinity College, Dublin. 
. SOCIAL LIFE IN GREECE ; from Homer to Menander. 
Fourth Edition, revised and enlarged. Crown 8vo. 9^. 
RAMBLES AND STUDIES IN GREECE. With Illus- 
trations. Second Edition. With Map. Crown 8vo. los, 6a. 
A PRIMER OF GREEK ANTIQUITIES. With Illus- 
trations. i8mo. is. 
EURIPIDES. i8mo. is. 6d. {Classical Writers.) 

MARSHALL - A TABLE OF IRREGULAR GREEK 
VERBS, classified according to the arrangement of Curtius' 
Greek Grammar. By J. M Marshall, M.A., one of the 
Masters in Clifton College. 8vo, cloth. New Edition, u, 

VLKRTIAIm-BOOKS I. AND II. OF THE EPIGRAMS. 
Edited, with Introduction and Notes, by Professor J. E. B. 
Mayor, M.A. 8vo. [In the press. 

MAYOR (JOHN E. "B.)— FIRST GREEK READER. Edited 
after Karl Halm, with Corrections and large Additions by 
Professor John E. B. Mayor, M.A., Fellow of St. John's 
College, Cambridge. New Edition, revised. Fcap. 8vo. ^f. 6d. 

BIBLIOGRAPHICAL CLUE TO LATIN LITER A- 
TURE. Edited after HihBNER, with large Additions by 
Professor JOHN E. B. Mayor. Crown 8vo. los. 6(1. 

MAYOR (JOSEPH -B.)— GREEK FOR BEGINNERS. By 
the Rev. J. B. Mayor, M.A., Professor of Classical Literature 
in King^s College, London. Part I., with Vocabulary, i^. 6d. 
Parts 11! and III., with Vocabulary and Index, 3^. 6d. com- 
plete in one Vol. New Edition. Fcap. 8vo, cloth. 4J. 6d. 

^IJLOK— PARALLEL EXTRACTS arranged for translation 
into English and Latin, with Notes on Idioms. By J. £. 
Nixon, M.A., Fellow and Classical Lecturer, King's College, 
Cambridge. Part I. — Historical and Epistolary. New Edition, 
revised and enlarged. Crown 8vo. 3J. 6d. 

PHRYNIOHV8— RUTHERFORD— 7:^i? NEIV PHRY- 
NICHUS; being a Revised Text of the Ecloga of the Gram- 
marian Phrynichus. With Introduction and Commentary by 
W. GuNiON Rutherford, M.A., of Balliol College, Oxford, 
Assistant Classical Master in St. Paul's School. 8vo. iSs. 
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Vim^AA-^TffE EXTANT ODES OF PINDAR, Translated 
into ^igUsh, with an Introduction and short Notes, by Ernest 
Mykss, M.A., Fellow of Wadham College, Oxford. Crown 
8to. 5j. 

VJmKTO—THE republic of PLATO. Translated into 
English, with an Analysis and Notes, by J. Ll. Daviss, 
M.A., and D. J. Vaughan, M.A. i8mo. 4J. 6d. 

PHILEBUS. Edited, with Introduction and Notes, by 
Henry Jackson, M. A., Fellow of Trinity Collie, Cambridge. 
8vo. \In preparation, 

THE TRIAL AND DEATH OF SOCRATES, Being 
the Euthyphro, Apology, Crito, and Phaedo of Plato. Trans- 
lated by F. J. Church. Crown Svo. 4J. 6d. 

PHMDO, Edited by R. D. Archer-Hind, M.A., Fellow 
of Trinity College, Cambridge. Svo. [In preparcUion. 

VImAVTUS^THE MOS tell aria of PLAUTUS, With 
Notes, Prolegomena, and Excursus. By William Ramsay, 
M.A., formerly Professor of Humanity in the University of 
Glasgow. Edited by Professor George G. Ramsay, M.A., 
of the University of Glasgow. 8vo. 145. 

POSTGATB AND VINOB— ^ DICTIONARY OF LATIN 
ETYMOLOGY. By J. P. Postgate, M.A., and C. A. 
Vinos, M.A. \In preparation. 

POTTS (A. "W.) — Worlcs by ALEXANDER W. PoTTS, M.A., 
LL.D., late Fellow of St. John's College, Cambridge ; Head 
Master of the Fettes College, Edinburgh. 

« 

HINTS TOWARDS LATIN PROSE COMPOSITION 
New Edition, Extra fcap. Svo. .^j. 

PASSAGES FOR TRANSLATION INTO LATIN 
PROSE, Edited with Notes and References to the above. 
Extra fcap. Svo. zr. 

LATIN VERSIONS OF PASSAGES FOR TRANSLA 
TION INTO LA TIN PROSE (for Teachers only). 2s. 6d 

EXERCISES IN LATIN PROSE, With Introduction, 
Notes, &c., for the Middle Forms of Schools. Extra fcap. Svo. 

[In preparation. 
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ROBY— ^ GRAMMAR OF THE LATIN" LANGUAGE, from 

Plautus to Suetonius. By H. J.. Roby, M.A., late Fellow of 

St. John's College, Cambridge. In Two Parts Third Edition. 

Part I. containing : — Book I. Sounds. Book II. Inflexions. 

Book III. Word-formation. Appendices. Crown 8vo. 8j. 6d, 

Part II. — Syntax, Prepositions, &c. Crown 8vo. los. 6d. 

'* Marked by the clear and practised insight of a master in his art. 
A book that would do honour to auy country.' — ArHENiBUM. 

SCHOOL LATIN GRAMMAR, By the same Author. 
Crown 8vo. 5j. 

ViVH^-SYNTHETIC LA TrN DELECTUS. A First Latin 
Construing Book arranged on the Principles of Grammatical 
Analysis. With Notes and Vocabulary By E. RusH, B.A. 
With Preface by the Rev. W. F. MouLTON, M.A., D.D. 
Second and Enlarged Editiv)n. Extra fcap. 8vo. 2j. 6d. 

RUST - FIRST STEPS TO LA TIN PROSE COMPOSITION 
By tKe Rev. G. Rusr, M.A., . f Pembroke v oUege, Oxford, 
Master of the Lower School, King's College, London. New 
Edition. i8mo. \s, 6d. 

mUTHE&FORD— ^ FIRST GREEK GRAMMAR, By W. G. 
Rutherford, M.A., A>sistant- Master in St. Paul's School, 
London. New Edition, enlargi^d. Extra fcap. 8vo. U. M, 

mMAMTSfXT—CATALINEANDJUGURTHA. Translated, with 
Introductory Essays, by A. W. Pollard, B.A. Crown 
8vo. 6j. 

SEELEY— ^ PRIMER OF LATIN LITERATURE, By 
Prof. J. R. Seeley. i8mo. [In preparation, 

SIVLVSOIS -PROGRESSIVE EXERCISES IN LATIN 
PROSE COMPOSITION Founded on Passages selected 
from Cicero, Livy, &c. By F. P. Simpson, B.A., of Balliol 
College, Oxford, [In preparation, 

TKCnJJS—JOOMPLETE WORKS TRANSLATED, By A.J. 
Church, M.A., and W. J. Brodribb, M.A. 

THE HISTORY, With Notes and a Map. New Edition. 
Crown Svo. 6/. 
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TAOITas— TlfiTfi AITNALS. With Notes and Maps. New 
Edition. Crown 8vo. 7j« td, 

THE AGRICOLA AND ' GERMANY, WITH THE 
DIALOGUE ON ORATORY, With Maps and Notes. 
New and Revised Edition. Crown 8vo. 4J. fiflT. 

THE ANNALS, Edited, with Introductions and Notes, by 
G. O. Holbrooke, M.A., Professor of Latin in Trmity 
CoUege, Hartford, U.S.A. With Maps. 8vo. idr. 

THE HISTORIES, Edited, with Introduction and Notes, by 
Rev. Walter Short, M.A., and Rev. W. A. Spooner, 
M. A, Fellows of New College, Oxford. 8vo. [In preparation. 

THEOO&ITUS, BION and MOSOHUS. Rendered mto 
English Prose with Introductory Essay by Andrew Lang, 
M.A. Crown 8vow ts, 

THEOPHRA8TUS— riZS CHARACTERS OF THEO- 
PHRASTUS, An English Translation from a Revised Text. 
With Introduction and Notes. By R. C. Jebb, M.A., Pro- 
fessor of Greek in the University of Glasgow. Extra fcap. 8vo. 

THRING — ^Works by the Rev. E. Thring, M.A., Head 
Master of Uppingham School. 

A LATIN GRADUAL, A First Latin Construing Book 
for Beginners. New Edition, enlarged, with Coloured Sentence 
Maps. Fcap. 8vo. 2j. 6^. 

A MANUAL OF MOOD CONSTRUCTIONS. Fcap. 
8vo. is, 6d, 

A CONSTRUING BOOK, Fcap. 8vo. 2J. 6rf. 

VlUGllM—THE WORKS OF VIRGIL RENDERED INTO 
ENGLISH PROSE, with Notes, Introductions, Running 
Analysis, and an Index, by James Lonsdale, M.A., and 
Samuel Lee, M.A. New Edition. Globe 8vo. 3J. 6</. 

Vravt^— FIRST LESSONS IN GREEK, Adapted to Good- 
win's Greek Grammar, and designed as an introduction to the 
Anabasis of Xenophon. By John Williams White, Ph.D., 
Assistant-Prof, of Greek in Harvard University. Crown 8vo. 
4J. ^, 
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WILKIN8— ^ PRIMER OF ROMAN ANTIQUITIES. By 
A. S. WiLKiNS, M.A., Professor of Latin in the Owens 
College, Manchester. With Illustrations. i8mo. is, 

^V&IGHT — Works by J. Wright, M.A.» late Head Master of 
Sutton Coldfield School. 

HELLENICA ; OR, A HISTORY OF GREECE IN 
GREEK, as related by Diodorus and Thucydides ; being a 
First Greek Reading Book, with explanatory Notes, Critical, 
and Historical. New Edition, with a Vocabulary. Fcap. 8vo. 
3J. 6d, * 

A HELP TO LATIN GRAMMAR; or, The Form 
and Use of Words in Latin, with Progressive Exercises. 
Crown 8vo. ^f. 6flf. 

THE SEVEN KINGS OF ROME, An Easy Narrative, 
abridged from the First Book of Livy by the omission of 
" Difficult Passages ; being a First Latin Reading Book, with 
Grammatical Notes and Vocabulary. New and revised 
Edition. Fcap. 8vo. 3J. 6d, 

FIRST LATIN STEPS; OR, AN INTRODUCTION 
BY A SERIES OF EXAMPLES TO THE STUDY 
OF THE LA TIN LANGUAGE, Crown 8vo. 3^. 

ATTIC PRIMER, Arranged for the Use of Beginners. 
Extra fcap. 8vo. 2J. 6^/. 

A COMPLETE LATIN COURSE, comprising Rules with 
Examples, Exercises, both Latin and English, on each Rule 
and Vocabularies. Crown 8vo. 2j. 6</. 
WRIGHT {^.C,)— EXERCISES IN LATIN, By H. C 
Wright, B.A., Assistant-Master at Haileybury College. 

\In preparation, 

MATHEMATICS. 
AI&Y — Works by Sir G.B. Airy, K.C.B., formerly Astronomer- 
Royal : — 

ELEMENTARY TREATISE ON PARTIAL DIF- 
FERENTIAL EQUATIONS, Designed -for the Use of 
Students in the Universities. With Diagrams. Second Edition. 
Crown 8vo. 5^. 6d, 

b 2 
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AIRY— OAT Tim 'ALGEBRAICAL AND NUMERICAL 
THEORY OF ERRORS OF OBSERVATIONS AND 
THE COMBINATION OF OBSERVATIONS, Second 
Edition, revised. Crowii 8va dr. 6d, 

UNDULATORY THEORY OF OPTICS. Designed for 
the Use of Students in the University. New Edition. Crown 
8vo. dr. dd, 

ON SOUND AND ATMOSPHERIC VIBRATIONS, 
With the Mathematical Elements of Music. Designed for the 
Use of Students in the University. Second Edition, revised 
and enlarged. Crown 8vo. 9r. 

A TREA TISE ON MA GNE TISM. Designed for the Use 
of Students in the University. Crown 8vo. gj. 6d. 

AIRY (OSMUND)—^ TREATISE ON GEOMETRICAL 
OPTICS. Adapted for the Use of the Higher Classes in 
Schools. By Osmund Airy, B.A., one of the Mathematical 
Masters in Wellington College. Extra fcap. 8vo. y. 6d. 

AJUUIB—THE GIANT ARITHMOS. A most Elementary 
Arithmetic for Children. By Mauv Steadican Aldis. 
lUostrated. Globe 8vo. 2/. d/. 

AJiEXANDER (T. )—ELEMENTAR Y APPLIED MECHA- 
NICS, Being the simpler and more practical Cases of Stress 
and Strain wrought out individually from first principles by 
means of Elementary Mathematics. By T. Alexander, C.E., 
Professor of Civil Engineering in the Imperial College of 
Engineering, Tokei, Japan. Crown 8vo. 4r. 6d. 

[Part II. in the press. 

BAYMA— THE ELEMENTS OF MOLECULAR MECHA- 
NICS. By Joseph Bayma, S.J., Professor of Philosophy, 
Stonyhurst College. Demy 8vo. lo/. dd. 

JHUlBIm-EY— AN ELEMENTARY TREATISE ON PLANE 
TRIGONOMETRY. With Examples. By R. D. Bkasley, 
M.A. Fifth Edition, revised and enlarged. Crown 8vo. 
35. 67. 
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BI.ACKBURN {JSLVQU) — ELEMENTS OF PLANE 
TRIGONOMETRY, for the use of the Junior Class in 
Mathematics in the University of Glasgow. By HuQH 
Blackburn, M.A., late Professor of Mathematics in the 
University of Glasgow. ' Globe 8vo. is. 6d. 

BOOI-E— Works by G. Boole, D.C.L., F.R.S., late Professor 
of Mathematics in the Queen's University, Ireland. 

A TREATISE ON DIFFERENTIAL EQUATIONS, 
Third and Revised Edition. Edited by I. Todhunter. Crown 
8vo. i^. 

A TREATISE ON DIFFERENTIAL EQUATIONS, 
Supplementary Volume. Edited by L Todhunter. Crown 
8vo. &r. 6df. 

THE CALCULUS OF FINITE DIFFERENCES. 
Third Edition, revised by J. F. MoULTON. Cr. 8vo. ioj. 6d. 

B&OOK-SMITH {3.)-^ARITHMETIC IN THEORY AND 
PRACTICE, By J. Brook-Smith, M.A., LL.B., St. 
John's College, Cambridge ; Barrister-at-I.aw ; one of the 
Masters of Cheltenham College. New Edition, revised. 
Crown 8vo. 4J. 6d, 

CAMBRIDGE SENATE-HOUSE PROBLEMS a«&d RIDERS, 
"WITH SOLUTIONS :— 

i%1S— PROBLEMS AND RIDERS, By A. G. Greenhill, 
M.A. Crown 8vo. 8j. 6d. 

1S7S— SOLUTIONS OF SENATE- ffO USE PROBLEMS. 
By the Mathematical Moderators and Examiners. Edited by 
J. W. L. Glaisher, M.A., Fellow of Trinity College, 
Cambridge. 12s, 

CANDLER— ^^Z/' TO ARITHMETIC, Designed for the 
use of Schools. By H. Candler, M.A., Mathematical 
Master of Uppingham School. Extra fcap. 8vo. 2s, 6d, 

Qnmrtf-R—AN ELEMENTARY TREATISE ON THE 
PLANETARY THEORY, By C. H. H. Cheyne, M.A., 
F.R.A.S. With a Collection of Problems. Second Edition. 
Crown 8vo. 6s, 6d, 
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CHRI8TIB— ^ COLLECTION OF ELEMENTARY TEST- 
QUESTIONS IN PURE AND MIXED MATHE- 
MATICS; with Answers and Appendices on Synthetic 
Division, and on the Solution of Numerical Equations by 
Homer's Method. By Jambs R. Christie, F.R.S., Royal 
Military Academy, Woolwich. Crown 8vo. &r. dd, 

OLIPPORD-r^iff ELEMENTS OP DYNAMIC, An In- 
troduction to the Study of Motion and Rest in Solid and Fluid 
Bodies. By W. K. Clifford, F.R.S., late Professor of 
Applied Mathematics and Mechanics at University CoU^e, 
London. Part I.—KINEMATIC. Crown 8vo. 7j. 6d. 

QOUfSTlL-BlMlR— GEOMETRICAL EXERCISES FOR BE- 
GINNERS, By Samuel Constable. Crown 8vo. 3J. 6d, 

OUMMINO— ^AT INTRODUCTION TO THE THEORY 
OP ELECTRICITY, By LiNNiBUS Cumming, M.A., 
one of the Masters of Rugby School. With Illustrations. 
Crown 8vo. 8j. 6d, 

CXfTUB^KTSOK— EUCLIDIAN GEOMETR Y. By Francis 
CuTHBERTSON, M.A., LL.D., Head Mathematical Master of 
the City of London School.' Extra fcap. 8vo. 41. 6d, 

O ALTON— Works by the Rev. T. Dalton, M.A., Assistant- 
Master of Eton College. 

RULES AND EXAMPLES IN ARITHMETIC New 
Edition. i8mo. 2s. 6d, [Answers to the Examples are append^, 

RULES AND EXAMPLES IN ALGEBRA. Part L 
New Edition. i8mo. 2J. Part II. i8mo. 2s, 6d, 

J^A-Y— PROPERTIES OF CONIC SECTIONS PROVED 
GEOMETRICALLY Part I. THE ELLIPSE. With 
Problems. By the Rev. H. G. Day, M.A. 8vo. 3^. 6d, 

m 

HOHQSOK—EUCLID, Books I. and II. Edited by Charles 
L. Dodgson, M.A., Student and late Mathematical Lecturer 
of Christ Church, Oxford. Second Edition, with words sub- 
stituted for the Algebraical Symbols used in the First Edition. 
Crown 8vo. 2s. 
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li^JSW— GEOMETRICAL TREATISE ON CONIC ^ SEC- 
7I0NS, By W. H. Drew, M.A., St. John's College, 
Cambridge. New Edition, enlarged. Crown 8vo. 5^. 
SOLUTIONS TO THE PROBLEMS IN DREW'S 
CONIC SECTIONS, Crown 8vo. 4J. 6^. 

Ti^-nv,— EXERCISES IN ANALYTICAL GEOMETRY. 
Compiled and arranged by J. M. Dyer, M.A., Senior 
Mathematical Master in the Classical Department of Cheltenham 
College. With Illustrations. Crown 8vo. 41. 6d, 

EDGAR (J. H.) and PRITCHARD (G. B.)^NOTEBOOK 
ON PRACTICAL SOLID OR DESCRIPTIVE GEO- 
METRY, Containing Problems with help for Solutions. By 
J. H. Edgar, M.A., Lecturer on Mechanical Drawing at the 
Royal School of Mines, and G. S. Pritchard. Fourth 
Edition, revised by Arthur Meeze. Globe 8vo. 4J-. dd, 

PfiRRERS— Works by the Rev. N. M. Ferrers, M.A., Fellow 
and Master of Gonville and Caius College, Cambridge. 
AN ELEMENTARY TREATISE ON TRILINEAR 
CO-ORDINATES^ the Method of Reciprocal Polars, and the 
Theory of Projectors. New Edition, revised. Crown 8vo. 6s. 6d. 
AN ELEMENTARY TREATISE ON SPHERICAL 
HARMONICS, AND SUBJECTS CONNECTED WITH 
THEM. Crown 8vo. 7j. 6d. 

FROST — Works by Percival Frost, M.A.. formerly Fellow 
of St. John's College, Cambridge 5 Mathematical Lecturer at 
King's College. 

AN ELEMENTARY TREATISE ON CURVE 
TRACING. By Percival Frost, M.A. 8vo. 12s. 
SOLID GEOME TR Y. A New Edition, revised and enlarged, 
of the Treatise by Frost and Wolstenholme. In 2 Vols. 
Vol. I. 8vo. i6j. 

GODFRAY — Works by HUGH Godfray, M.A., Mathematical 
Lecturer at Pembroke College, Cambridge. 
A TREA TISE ON ASTRONOMY, for the Use of Colleges 
and Schools. New Edition. 8vo. I2s. 6d. 
AN ELEMENTARY TREATISE ON THE LUNAR 
THEORY, with a Brief Sketch of the Problem up to the time 
of Newton. Second Edition, revised. Crown 8vo. 5^. 6d. 
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HEMMING— ^A^ ELEMENTARY TREATISE ON THE 
DIFFERENTIAL AND INTEGRAL CALCULUS, for 
the Use of Colleges and Schools. By G. W. Hemming, M.A., 
Fellow of St. John's College, Cambridge. Second Edition, 
with Corrections and Additions. 8vo. 9x. 

JACKSON — GEOMETRICAL CONIC SECTIONS, An 
Elementary Treatise in which the Conic Sections are defined 
as the Plane Sections of a Cone, and treated by the Method 
of Projection. By J. Stuart Jackson, M. A., late Fellow of 
Gonville and Caios Collie, Cambridge. Crown Svo. 4J. 6tf. 

JELLST (JOHN H.)— ^ TREATISE ON THE THEORY 
OF FRICTION. By John H. Jellet, B.D., Provost 
of Trinity College, Dublin ; President of the Royal Irish 
Academy. Svo. 8j. 6d. 

JONES and QVLBrrti-R— ALGEBRAICAL EXERCISES, 
Progressively Arranged. By the Rev. C. A. Jones, M.A., and 
C. H. Cheyne, M.A., F.R.A.S., Mathematical Masters of 
Westminster School. New Edition. i8mo. 2s, 6d, 

KELUIND and TAIT— INTRODUCTION TO QUATER- 
NIONS, with numerous examples. By P. Kelland, ft .A., 
F. R.S., and P. G. Tait, M.A., Professors in the Department 
of Mathematics in the University of Edinburgh. Second 
Edition. Crown Svo. ys, 6d, 

KITCHENER—^ GEOMETRICAL NOTE-BOOR', containing 
Easy Problems in Geometrical Drawing preparatory to the 
Study of Geometry, ^or the use of Schools. By F. E. 
Kitchener, M.A, Mathematical Master at Rugby. New 
Edition. 4to. 2s. 

JmOCK—ELEMENTAR Y TRIGONOMETR Y. By Rev. J. B. 
Lock, M.A., Fellow of Caius College, Cambridge ; Assistant- 
Master at Eton. Globe Svo. 4s. 6d, 

HIGHER TRIGONOMETRY By the same Author. 
Crown Svo. [In the press, 

VUVTOH— ELEMENTARY CHEMICAL ARITHMETIC, 
With 1, 100 Problems. By Sydney Lupton, M. A., Assistant- 
Master in Harrow SchooL Globe Svo. 5^. 
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VLKVUT'-NATURAL GEOMETRY: an Introduction to the 
Logical Study of Mathematics. For Schools and Technical 
Classes. With Explanatory Models, based upon the Tachy- 
metrical works of Ed. Lagout. By A. Mault. i8mo. U. 
Models to Illustrate the above, in Box, 12s. 6d. 

vmUVLlMAfi — ELEMENTS OF THE METHOD OF 
LEAST SQUARES. By xMansfield Merriman, Ph.D. 
Professor of Civil and Mechanical Engineering, Lehigh Uni- 
versity, Bethlehem, Penn. Crown 8vo. yj. 6d. 

VLIImIsAR-^ELEMENTS of DESCRIPTIVE GEOMETRY. 
By J. B. Millar, C.E., Assistant Lecturer in Engineering in 
Owens College, Manchester. Crown 8vo. 6j. 

MORGAN—^ COLLECTION OF PROBLEMS AND 
EXAMPLES IN MATHEMATICS, With Answers. 
By H. A. Morgan, M.A., Sadlerian and Mathematical 
Lecturer of Jesus College, Cambridge. Crown 8vo. 6j. 6^/. 

MVIR— ^ TREATISE ON THE THEORY OF DETER- 
MINANTS^ With graduated sets of Examples. For use in 
Colleges and Schools. By Thos. Muir, M.A., F.R.S.E., 
Mathematical Master in the High School of Glasgow. Crown 
8vo. yj. dd, 

NEWTON'S PRINCIPIA, Edited by Prof. Sir W. Thomson 
and Professor Blackburn.. 4to, cloth. 31 j. (ui, 

THE FIRST THREE SECTIONS OF NEWTON'S 
PRINCIPIA, With Notes and Illustrations. Also a Col- 
lection of Problems, principally intended as Examples of 
Newton's Methods. By Percival Frost, M.A. Third 
Edition. 8vo. 12^, 

PARKINSON— Works by S. Parkinson, D.D., F.R.S., Tutor 
and Prselcctor of St. John's College, Cambridge. 

AN ELEMENTARY TREATISE^ ON MECHANICS. 
For the Use of the Junior Classes at the University and the 
Higher Classes in Schools. With a Collection of Examples. 
Sixth Edition, revised. Crown 8vo, cloth. 9J. dd. 

A TREATISE ON OPTICS. New Edition, revised and 
enlarged. Crown 8vo, cloth. lor. td. 
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VBDIXY—EXEXCISES IJV ARITHMETICifx the Use of 
Schools. Containing more than 7,000 original Examples. 
By S. Pedlby, late of Tamworth Grammar SchooL Crown 
8vo. 5j. 

vmELKU—ELEMENTARY HYDROSTATICS. With Nu- 
merous Examples. By J. B. Phear, M. A., Fellow and late 
Assistant Tutor of Clare College, Cambridge. New Edition. 
Crown 8vo. 5^. 6d, 

nJBLl^-^LESSONS ON RIGID DYNAMICS. By the Rev. 
G. PiRiE, M.A., late Fellow and Tutor of Queen's College, 
Cambridge; Professor of Mathematics in the University of 
Aberdeen. Crown 8vo. dr. 

PUCKLE— ^AT ELEMENTARY TREATISE ON CONIC 
SECTIONS AND ALGEBRAIC GEOMETRY, With 
Numerous Examples and Hints for their Solution ; especially 
designed for the Use of Beginners. By G. H. Puckle, M.A^ 
New Edition, revised and enlarged. Crown 8vo. yj. 6d, 

WLAWImINBOK— ELEMENTARY STATICS. By the Rev. 
George Rawlinson, M.A. Edited by the Rev. Edward 
Sturgbs, M.A. Crown 8vo. 4^. 6d, 

RAYLEIGH— r^i? THEORY OF SOUND. By LORD 
Raylbigh, M.A., F.R.S., formerly Fellow of Trinity CoU^e^ 
Cambridge. 8vo. Vol. I. 12s. 6d. Vol. II. 12s. 6d. 

[ Vol. III. in the press. 

UVYVOJUBB^MODERN METHODS IN ELEMENTARY 
GEOMETRY. By E. M. Reynolds, M.A., Mathematical 
Master in Clifton College. Crown 8vo. 3^. 6d. 

ROUTH. — Works by Edward John Routh, M.A., F.R.S., 
late Fellow and Assistant Tutor of St. Peter's College, 
Cambridge ; Examiner in the University of London. 

A TREA TISE ON THE D YNAMICS OF THE SYSTEM 
OF RIGID BODIES. With numerous Examples. Fourth 
and enlarged Edition. Two Vols. Vol. I. — Elementary Parts. 
8vo. -14J. Vol. II.— The Higher Parts. 8vo. [In the Prtss. 

STABILITY OF A GIVEN STATE OF MOTION, 
PARTICULARLY STEADY MOTION. Adams* Prize 
Essay for 1877. 8vo. 8r. 6</. 



MATHEMATICS. 27 



8MITB— Works by the Rev. Barnard Smith, M.A., Rector 
of Glaston, Rutland, late Fellow and Senior Bursar of 
St. Peter's College, Cambridge. 

ARITHMETIC AND ALGEBRA, in their Principles and 
Application ; with numerous systematically arranged Examples 
taken from the Cambridge Examination Papers, with especial 
reference to the Ordinary Examination for the B.A. Degree. 
New Edition, carefully Revised. Crown 8vo. loj. dd, 

ARITHMETIC FOR SCHOOLS, New Edition. Crown 
8vo. 4J. td. 

A KEY TO THE ARITHMETIC FOR SCHOOLS, 
New Edition. Crown 8vo. 8j. 6d, 

EXERCISES IN ARITHMETIC. Crown 8vo, Ump 
cloth, 25, With Answers, 2j. td. 

Answers separately, 6^. 

SCHOOL CLASS-BOOK OF ARITHMETIC, i8mo. 
cloth, y. 
Or sold separately, in Three Parts, \s, each. 

KEYS TO SCHOOL CLASS-BOOK OF ARITHMETIC, 
Parts I., II., and III., 2j. 6^. each. 

SHILLING BOOK OF ARITHMETIC FOR NA TIONAL 
AND ELEMENTARY SCHOOLS, i8mo, cloth. Or 
separately. Part I. 74. ; Part II. yi, ; Part III. 7^. Answers. 

THE SAME, with Answers complete. i8mo, cloth, u. td, 

KEY TO SHILLING BOOK OF ARITHMETIC, 
iSmo. 4r. 6^. 

EXAMINATION PAPERS IN ARITHMETIC, i8mo. 
\s, 6d, The same, vnih. Answers, i8mo. 2J. Answers, 6d, 

KEY TO EXAMINATION PAPERS IN ARITH- 
METIC, i8mo. 4J. 6d, 

THE METRIC SYSTEM OF ARITHMETIC, ITS 
PRINCIPLES AND APPLICATIONS, with numerous 
Examples, written expressly for Standard V. in National 
Schools. New Edition. i8mo doth, sewed, yi. 
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SMITH Continued — 

A CHART OF THE METRIC SYSTEM, on a Sheet, 
size 42 in. by 34 in. on Roller, mounted and varnislied. New 
Edition. Price 3/. 6d, 

Also a Small Chart on a Card, price id. 

EASY LESSONS IN ARITHMETIC, combining Exercises 
in Reading, Writing, Spelling, and Dictation. Part I. for 
Standard I. in National Schools. Crown 8vo. 9^. 

EXAMINATION CARDS IN ARITHMETIC (Dedi- 
cated to Lord Sandon.) With Answers and Hints. 
Standards I. and II. in box, is. Standards III., IV., and V., 
in boxes, is, each. Standard VI. in Two Parts, in boxes, 
is. each. 

A and B papers, of nearly the same difficulty, are given so as to 
prevent copying, and the colom^ of the A and B papers differ in 
each Standard, and from those of every other Standard, so that a 
master or mistress can see at a glance whether the children have the 
proper papers. 

SMITH (C.)— CONIC SECTIONS. By Charles Smith, M.A., 
Fellow and Tutor of Sidney Sussex College, Cambridge. 
Crown 8vo. *js. 6d. 

SHOVrBAJMl*— THE ELEMENTS OF PLANE AND 
SPHERICAL TRIGONOMETRY; with the Construction 
and Use of Tables of Logarithms. By J. C. Snowball, M.A. 
New Edition. Crown 8vo. *js. 6d. 

SYIiIaABUS- OF PI.ANE GEOMETRY (corresponding to 
Euclid, Books I. — VI.). Prepared by the Association for the 
Improvement of Geometrical Teaching. New Edition. Crown 
8vo. is. 

TAIT amd STEELE—^ TREATISE ON DYNAMICS OF 
A PARTICLE. With numerous Examples. By Professor 
Tait and Mr. Steele. Fourth Edition, revised. Crown 
8vo. 12S. 

'T-Z^K^ — ELEMENTARY MENSURATION FOR 
SCHOOLS. With numerous Examples. By Septimus 
Tebay, B.A., Head Master of Queen Elizabeth's Grammar 
School, Rivington. Extra fcap. 8vo. 3;. 6d. 
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TODHUNTBR— Works by I. ToDHUNTER, M.A., F.R.S., of 

St. John's College, Cambridge. 

*' Mr. Todhunter is chiefly known to students of Mathematics as the 

author of a series of admirable mathematical text-books, which possess 
the rare qualities of being clear in style and absolutely free from mistakes, 
typographical or other." — Saturday Review. 

THE ELEMENTS OF E UCLID. For the Use of Colleges 
and Schools. New Edition. iSmo. 3^. dd. 

KEY TO EXERCISES IN EUCLID. Crown 8vo. 
ds. 6d. 

* 

MENSURATION FOR BEGINNERS. With numerous 
Examples. New Edition. i8mo. 2s. 6d. 

ALGEBRA FOR BEGINNERS. With numerous Examples. 
New Edition. i8mo. 2s. 6d. 

KEY TO ALGEBRA FOR BEGINNERS, Crown 8vo. 
6s. 6d. 

TRIGONOME TR Y FOR BEGINNERS, With numerous 
Examples. New Edition. i8mo. 23. 6d, 

KEY TO TRIGONOMETRY FOR BEGINNERS. 
Crown 8vo. 8j. 6d. 

MECHANICS FOR BEGINNERS. With numerous 
Examples. New Edition. i8mo. 47. 6d. 

KEY TO MECHANICS FOR BEGINNERS. Crown 
8vo. 6s. 6d. 

ALGEBRA. For the Use of Colleges and Schools. New 
Edition. Crown 8vo. *js. 6d. 

KEY TO ALGEBRA FOR THE USE OF COLLEGES 
AND SCHOOLS. Crown 8vo. loj. 6d. 

AN ELEMENTARY TREATISE ON THE THEORY 
OF EQUATIONS, New Edition, revised. Crown 8vo. 
^s. 6d. 

PLANE TRIGONOMETRY. For Schools and Colleges. 
New Edition. Crown 8vo. 5^. 

KEY TO PLANE TRIGONOMETRY. Crown 8vo. 
lar. 6d. 

A TREATISE ON SPHERICAL TRIGONOMETRY, 
New Edition, enlarged. Crown 8vo. 4r. 6d, 
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TODHUMTBR ConHnuid-^ 

PLANE CO-ORDINATE GEOMETRY, as appHed to the 
Straight Line and tlte Conic Sections. With numerous 
Examples. New Edition, revised and enlarged. Crown 8vo. 
*js, 6d, 

A TREATISE ON THE DIFFERENTIAL CALCULUS, 
With numerous Examples. New Edition. Crown 8vo. los, 6d. 
A TREATISE ON THE INTEGRAL CALCULUS AND 
ITS APPLICATIONS. With numerous Examples. New 
Edition, revised and enlarged. Crown 8vo. los, 6d. 
EXAMPLES OF ANALYTICAL GEOMETRY OF 
THREE DIMENSIONS. New Edition, revised. Crown 
8vo. 4r. 

A TREATISE ON ANALYTICAL STATICS, With 
numerous Examples. New Edition, revised and enlarged. 
Crown 8vo. I or. 6d, 

A HISTORY OF THE MATHEMATICAL THEORY 
OF PROBABILITY, from the time of Pascal to that of 
Laplace. 8vo. iZs. 

RESEARCHES IN THE CALCULUS OF VARIA- 
TIONS, principally on the Theory of Discontinuous Solutions : 
an Essay to which the Adams Prize was awarded in the 
University of Cambridge in 1871. 8vo. 65, 
A HISTORY OF THE MATHEMATICAL THEORIES 
OF ATTRACTION, AND THE FIGURE OF THE 
EARTH, from the time of Newton to that of Laplace. 2 vols. 
8vo. 24J. 

AN ELEMENTARY TREATISE ON LAPLACE'S, 
LAME'S, AND BESSEVS FUNCTIONS, Crown 8vo. 
IQf. 6^. 
WII.80N (J. m.)— ELEMENTARY GEOMETRY, Books 
I. to V. Containing the Subjects of Euclid's first Six 
Books. Following the Syllabus of the Geometrical Association. 
By the Rev. J. M. Wilson, M.A., Head Master of Clifton 
College. New Edition. Extra fcap. 8vo. ^, 6d, 
SOLID GEOMETRY AND CONIC SECTIONS, With 
Appendices on Transversals and Harmonic Division. For the 
Use of Schools. By J. M. Wilson, M.A. New Editioa 
Extra fcap. 8vo. 3^. 6d, 
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'WIImSOJH— GRADUATED EXERCISES IN PLANE TRI- 
GONOMETRY, Compiled and arranged by J. Wilson, 
M.A., and S. R. Wilson, B.A. Crown 8vo. 4J. 6</. 

" The exercises seem beautifullyeraduated and adapted to lead a student 
on most gently and pleasantly. "—E. J. Routh, F.R.S., St. Peter's College, 

Cambridge. 

WILSON (W.- P.)— ^ TREATISE ON DYNAMICS. By 
W. P. Wilson, M.A., Fellow of St. John's College, 
Cambridge, and Professor of Mathematics in Queen's College, 
Belfast. 8yo. 91. 6^. 

vrOJMSTBlX'aoWil'R—MATIIEMATICAL PROBLEMS, on 
Subjects included in the First and Second Divisions of the 
Schedule of subjects for the Cambridge Mathematical Tripos 
Examination. Deviled and arranged by Joseph Wolsten- 
holme, late Fellow of Christ's College, sometime Fellow 
of St. John's College, and Professor of Mathematics in the 
Royal Indian Engineering College. New Edition, greatly 
enlarged. 8vo. i&r. 

SCIENCE. 

SCIENCE PRIMERS FOR ELEMENTARY 

SCHOOLS. 

Under the joint Editorship of Professors Huxley, Roscoe, and 

Balfour Stewart. 

"These primers are extremely simple and attractive, and thoroughly 
answer their purpose of just leading the young begmner up to the thresh- 
old of the long avenues mthe Palace of Nature which these titles suggest.** 
—Guardian. 

" lliey are wonderfully clear and lucid in their instruction, simple in 
style, and admirable in plan." — Educational Timbs. 

INTRODUCTORY-— By T. H. HuxLEY, F.R.S., Professor of 
Natural History in the Royal School of Mines, &c. i8mo. is, 

CHEMISTRY — By H. E. RoscoE, F.R.S., Professor of 
Chemistry in the Victoria University the Owens College, 
Manchester. With numerous Illustrations. New Edition. 
With Questions. i8mo. is, 

"A very model of perspicacity and accuracy."— Chbmist and Drug- 
gist. 

PHYSICS— By Balfour Stewart, F.R.S., Professor of Natural 

Philosophy in the Victoria University the Owens College, 

Manchester. With numerous Illustrations. New Edition. 

With Questions. i8mo. is. 
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8CIBNCB PBIMBR8 Continued— 

PHYSICAL GEOGRAPHY— By ARCHIBALD Geikte, F.R.S., 
Director-General of the Geological Surveys. With numerous 
Illustrations. New Edition, with Questions. i8mo. \s. 

"Every one of his lessons is marked by simplicity, clearness, and 
correctness." — ATHBNitcuM. 

GEOliOGY— By Archibald Geikie, F.R.S. Witli numerous 
Illustrations. New Edition. i8mo. cloth, i^. 

" It is hardly pos«;iblc for the dullest child to misunderstaii i the meaning 
of a classification of stones after Professor Geikie's explanation." — School 
Board Chronicle. 

PHYSIOIiOGY— By MicHAEL Foster, M.D., F.R.S. With 
numerous Illustrations. New Edition. i8mo. is. 

" The book seems to us to leave nothing to be desired as an elementary 

text-book. *' — ACADBMY. 

ASTRONOMY— By J. NoRMAN Lockyer, F.R.S. With 
numerous Illustrations. New Edition. i8mo. u. 

" This is altogether one of the most likely attempts we hav; ever seen to 
bring astronomy down to the capacity of the young chili." — School 
Board Chroniclb. 

BOTANY— By Sir J. D. HoOKER, K.C.S.I., C.]?., F.R.S. 

With numerous Illustrations. New Edition. i8mo. is. 

*' To teachers the Primer will be of inestimable valuable, and not only 
because of the simplicity of the language and the clearness vith which the 
subject matter is treated, but ako on account of its coming from the highest 
authority, and so furnishing positive information as to the most suitable 
methods of teaching the science of botany." — Naturb. 

LOGIC — By Professor STANLEY Jevons, LL.D., M.A., F.R.S. 

New Edition. i8mo. u. 

'* It appears to us admirably adapted to serve both as an introduction 
to scientific reasoning, and as a guide to sound judgment and reasoning 
in the ordinary affairs of life." — ^Acadbmy. 

POIilTlCAli ECONOMY — By Professor Stanley Jevons, 
LL.D., M.A., F.R.S. i8mo. u. 

"Unquestionably in every respect an admirable primer." — School 
Board Chronicle. 

In preparation : — 
ZOOLOGY. By Professor Huxley, F.R.S., &c. &c. 

ELEMENTARY CLASS-BOOKS. 

ASTRONOMY. 

POPULAR ASTRONOMY. With Illustrations by Sir 
G. B. Airy, K.C.B., formerly Astronomer-Royal. New 
Edition. iSmo. 4^. 6d, 
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EIiEMENTARY CIiA88-BOOK8 Continued— 
ASTRONOMY. 

ELEMENTARY LESSONS JN ASTRONOMY, With 

Coloured Diagram of the Spectra of the Sun, Stars, and 

Nebulae, and numerous Illustrations. By J. Norman Lockver, 

F.R.S. New Edition. Fcap. 8vo. Jj. td. 

" Full, clear, sound, and worchy of attention, not only as a popular 
expo9iti(«, but as a scienti6c ' Inde^c.' "~<Athbh^uM. 

QUESTIONS ON LOCKYER'S ELEMENTARY 
LESSONS JN ASTRONOMY, For the Use of Schools. 
By John Forbes-Robertson. jSmo. cloth limp, u, 6d. 

P9Y8IOI.OGY. 

LESSONS IJ^ ELEMENTARY PHYSIOLOGY. With 

numerous Illustrations. By T. H. Huxley, F.R.S., Professor 

of Natural History in the Royal School of Mines. New 

Edition. Fcap. 8vo. 4f. 6^. 

•' Pure gold throughoyt."— Guaboian. 

" UxxittttMionatdy' the clearest and mftst complete elementary treatise 
on tlus subject that lye possess in aay Iangvage,"'-^Wj$3TMiN9Tmc {l|(f ibw. 

QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR 
SCHOOLS, By T. Alcock, M.B, |8mo. u. 6</. 

BOTANY. 

LESSONS IN ELEMENTARY BOTANY. 3y D» 

Oliver, F.R.S., F.L.S., Professor of Botany in Univ^sity 
College, Loudon. With nearly 200 Illustrations, New 
Edition. Fcap. Svo. 4J. 6</. 

CHBMISTRV. 

LESSONS IN ELEMENTARY CHEMISTRY, IN 

ORGANIC AND ORGANIC, By Henry E, Roscoe, 
F.R.S. , Professor of Chemistry in the Victoria University the 
Owens College, Manchester. With numerous Stoattstftout 
and ChromoH^h0 of (he Solar Spectrum, mid of the Alkalies 
and Alkaline Eiurths. New Edition. Fcap. Svo. 4^. 6d. 

"As a standard general text-book it deserves to take a leading place "— 
Sprctatou. 

** We uohesitatingly ivonounce it the best of all our ekmemary treatises 
on Chemistry/* — Medical Times. 

A SERIES OF CHEMICAL PROBLEMS, prepared with 

Special Reference to the foregoing, by T. E. Thorpe, Ph.D., 

Prof, of Chemistry in the Yorkshire College of Science, Leeds, 

Adapted for the Preparation of Students for the Governflient, 

Science, and Society of Arts Examinations. With a PreCarfie by 

Professor Roscoe. New Edition, with Key. i8mo. zs, 

C 
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BIiBMBNTARY CIiA88-BOOK8 ConUnued— 
CHBMI8TRY. 

ELEMENTARY CHEMICAL ARITHMETIC, With 
1, loo Problems. By Sydney Lupton, M. A., Assistant-Master 
at Harrow. Extra Fcap. 8va 5j. 

THE OWENS COLLEGE JUNIOR COURSE OF 
PRACTICAL CHEMISTRY, By Francis Jones, Chemical 
Master in the Gi ammar School, Manchester. With Preface by 
Professor Roscoe, and Illustrations. New £d. i8mo. 2J. &/. 

QUESTIONS ON CHEMISTRY, A Series of Problems 
and Exercises in Inorganic and Organic Chemistry. By 
Francis Jones, F.R.S.E., F.C.S., Chemical Master in the 
Grammar School, Manchester. Fcap. 8vo. 3x. 

POUTICAIi BCONOMY. 

POLITICAL ECONOMY FOR BEGINNERS, By 
Millicent G. Fawcett. New Edition. i8mo. 2s. 6d. 

" Clear, compact, and comprehensive." — Daily News. 
"The relations of capital and labour have never been more simply or 
more clearly ezpotrnded."— Contemporary Review. 

LOGIC. 

ELEMENTARY LESSONS IN LOGIC ; Deductive and 

Inductive, with copious Questions and Examples, and a 

Vocabulary of Logical Terms. By W. Stanley Jevons, 

LL.D., M.A., F.R.S. New Edition. Fcap. 8vo. 3J. 6d, 

"Nothing can be better for a school-book.** — Guardian. 

"A manual alike simple, interesting^, and scientific." — ^AxHENiBUM. 

PHYSICS. 

LESSONS IN ELEMENTAR Y PHYSICS. By Balfour 

Stewart, F.R.S., Professor of Natural Philosophy in the 

Victoria University the Owens College, Manchester. With 

numerous Illustrations and Chromolitho of the Spectra of the 

Sun, Stars, and Nebulae. New Edition. Fcap. 8vo. 4J. (d, 

** The beau-ideal of a scientific text-book, clear, accurate, and thorough." 
— Educational Times. 

QUESTIONS ON BALFOUR STEWART'S ELE^ 
MENTAR Y LESSONS IN PHYSICS, By Prof. Thomas 
H. Core, Owens College, Manchester. Fcap. 8vo. 2/. 
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BLBMENTARY ClaASS-BOOKS Continued^ 
ANATOMY. 

LESSONS IN ELEMENTARY ANATOMY. By St. 

George Mivart, F.R.S., Lecturer in Comparative Anatomy 

at St. Mary's Hospital. With upwards of 400 Illustrations. 

Fcap. 8vo. 6s. 6d. 
^ "It may be questioned whether any other work on anat Jin'jr contains in 
like compass so proportionately great a mass of information. '-"Lanckt. 

* ' The work is excellent, and should be in the hands of every student of 
human anatomy." — Medical Timbs. 

STEAM. 

AN ELEMENTARY TREATISE. By John Perry, 
C.E., Whitworth Scholar, Fellow of the Chemical Society, 
Lecturer in Physics at Clifton College. With numerous Wood- 
cuts and Numerical Examples and Exercises. i8mo. 4J. 6d. 

"The young engineer and those seeking for a comprehensive knowledge 
of the use, power, and economy of steam, could not have a more useral 
work, as it is very intelligible, well arranged, and practical throughout" — 
Ironmonger. 

PHYSICAIi GEOGRAPHY. 

ELEMENTARY LESSONS IN PHYSICAL GEO- 

GRAPHY. By Archibald Geikie, F.R.S., Director- 
General of the Geologic^ Surveys of the United Kingdom. 
With numerous Illustrations. Fcap. 8vo. 4r. 6d, 
QUESTIONS ON THE SAME. is. 6d. 

OEOIiOGY. 

ELEMENTARY LESSONS JN GEOLOGY. By the 

same Author. \In preparation. 

GEOGRAPHY* 

CLASS-BOOK OF GEOGRAPHY. By C. B. Clarke, M.A., 
F.L.S., F.G.S., F.R.S. New Edition, with Eighteen Coloured 
Maps. Fcap. 8vo. 3J. 

A SHORT GEOGRAPHY OF THE BRITISH 
ISLANDS. By John Richard Green and Alice 
Stopford Green. With Maps. Fcap 8vo. 3J. dd. 
NATURAIi PHILOSOPHY. 

NATURAL PHILOSOPHY FOR BEGINNERS. By 

I. Todhunter, M.A., F.R.S. Part I. The Properties of 
Solid and Fluid Bodies. i8mo. y. 6d. 
Part II. Sound, Light, and Heat. i8mo. y. 6d. 
MORAL PHILOSOPHY. 

AN ELEMENTARY TREATISE. By Prof. E. Caird, 
of Glasgow University. [In preparatum. 

C 2 
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BliECTRICITT AND M AGNBTIBM . 

ELEMENTARY LESSONS IN ELECTRICITY AND 
MAGNETISM. By Silvanus P. Thompson. Professor of 
Experimental Physics in University College, Bristol. With 
Illustrations. Fcap. 8vo. 4^ . 6^. 

BOUND. 

AN ELEMENTARY TREATISE, By W. JL Stone, 
M.B. With Ulustrations. iSmo. ^f. 6d, 



ELEMENTARY LESSONS IN PSYCHOLOGY. By 
G. CROOM Robertson, Professor of Men^ Philosophy, &c., 
University Collie, London. \In preparaHon. 

Sl^IM.GJJJmTU'KB — ELEMENTARY LESSONS IN THE 
SCIENCE OF AGRICULTURAL PRACTICE. By H. 
Tanner, F.C.S., M.R.A.C., Examiner in the Principles of 
Agricnlture under the Government Department of Science, 
sometime Professor of Agricultural Science, Univfnity CoU^e, 
Aberystwith. Fcap. 8vo. 31. 6d. 

]&C0f90miCU^TI/E ECONOMICS OP INDUSTRY. By A. 
Marshall, M.A., late Principal of University College, Bristol, 
and Mart P. Marshall, late Lecturer at Newnhan Hall, 
Cambridge. Extra fcap.. 8 vo. 2s, 6d» 

" The book is of sterling value, and will be of great naa t» studams and 
teachers." — Athbnaum. 

Others in PreparaHon, 
MANUAX-S FOR STUDENTS. Croiim 8vd. 

COSSA— GUIDE TO THE STUDY OF POLITICAL 
ECONOMY. By Dr. LuiGi CossA, Professor in the 
University of Pavia. Translated from the Second Italian 
Edition. With a Preface by W. Stanley Jevons, F.R.S. 
Crown 8vo. 4^. 6d. 

DYER AND ^nVt^S— THE STRUCTURE OF PLANTS. By 
Professor Thiselton Dyer, F.R.S., assisted by Sydney 
Vines, D.Sc, Fellow and Lecture of Christ's College, 
Cambridge. With numerous lUustratioBS. [In preparation. 

TAWCWTT—A MANUAL OF POLITICAL ECONOMY. 
9y Right Hon. Henry Fawcett, M.P., F.R.S. New 
EditioBy revised and cnlai^ed. Crown Svo. 12s. 
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MANUAIiS FOR STUDENTS ConHnutd— 

FI.EI8GHBR— y^ SYSTEM OF VOLUMETRIC ANALY- 
SIS, Translated, with Notes and Additions, from the Second 
German Edition, by M. M. Pattison Muir, F.R.S.E. With 
Illustrations. Crown 8vo. 7j. 6d. 

FI.OWBR (W. -SL^y-AN INTRODUCTION TO THE OSTE- 
OLOGY OF THE MAMMALIA, Being the substance of 
the Course of Lectures delivered at the Royal College of 
Surgeons of England in 1870. By Professor W. H. Flower, 
F.R.S., F.R.C.S. With numerous Illustrations. New Edition, 
enlarged. Crown 8vo. \os. 6d, 

FOSTER AND nAlMTOVtL— PRACTICAL EMBRYOLOGY. 
By Michael Foster, M.A., F.R.S., and F. M. Balfour, 
F.R.S. Second Edition, revised and enlarged. Cr. 8yo. ios.6d, 

FOBTilR and 1mAMQJmBY—A COURSE OF ELEMENTARY 
PRACTICAL PHYSIOLOGY, By Michael Foster, 
M.D., F.R.S., and J. N. Lanoley, B.A. New Edition. 
Crown 8to. 6j. 

FRANKIbAND— .4 HAND-BOOK OF AGRICULTURAL 
CHEMICAL ANALYSIS. By Percy M. Frankland. 
Crown 8vo. [In the press, 

HOOKER— 7»£ STUDENT'S FLORA OF THE BRITISH 
ISLANDS, By Sir J. D. Hooker, K.C.S.I., C.B., F.R.S., 
M.D., D.C.L. New Edition, revised. Globe 8vo. \os, 6d, 

WLJUaX^— PHYSIOGRAPHY, An Introduction to the Study 
of Nature. By Profestor Huxley, FJ^.S. With numerous 
Illustrations, and Coloured Plates. New and Cheaper Edition. 
Crown 8vo. 6^. 

HUXLEY aad MAATIN—^ COURSE OF PRACTICAL 
INSTRUCTION IN ELEMENTARY BIOLOGY. By 
Professor Huxley, F.R.S., assisted by H. N. Martin, M.B., 
D.Sc. New Edition, revised. Crown 8vo. 6x. 

re^omn—THE principles of science, a Treatise 
on Logic and Scientific Method. By W. Stanley Jevons, 
LL.D., M.A., F.R.S. New and Revised Edition. Crown 

8vO. \7J, 6r/. g 

STUDIES IN DEDUCTIVE LOGIC, By W. Stanley 
Jevons, LL.D., M. A, F.R.S. Crown 8vo. it. 
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MAlfUAIiS POR STVP'QNTS Continued— 

K.'EHtt'ED^ — MECHANICS OF MACHINERY. By 
A. B. W. Kennedy, M. Inst. C.E., Professor of Engineering 
and Mechanical Technology in Universrity College, London. 
With Illustrations. Crown 8vo. {In the press. 

KIEPERT— ^ MANUAL OF ANCIENT GEOGRAPHY, 
From the German of Dr. H. Kiepert. Crown 8vo. $s, 

lMiMi3t— EXPERIMENTAL PHYSICS, By P. R. Scott 
Lang, M.A., Professor of Mathematics in the University of 
St. Andrews. Crown 8vo. l/n preparation. 

IJkNKESTER— ^ MANUAL OF ZOOLOGY, By Prof. E. 
Kay Lankkster, F.R.S. Crown 8vo. {In preparation. 

MARTIN and lAOKUR — ON THE DISSECTION OF 
VERTEBRATE ANIMALS. By Prof. H. N. Martin, 
and W. A. MoALE. Crown Svo. [In preparation, 

OiaiF^B,{VrottmmoT)— FIRST BOOK OF INDIAN BOTANY, 
By Professor Daniel Oliver, F.R.S., F.L.S., Keeper of 
the Herbarium and Library of the Royal Gardens, Kew 
With numerous Illustrations. Extra fcap. 8vo. 6s. 6d. 

PARKER— y^ COURSE OF INSTRUCTION IN ZOOTOMY 
{VERTEBRATA). By T. Jeffrey Parker, B.Sc. Lond., 
Professor of Biology in the University of Otago. With Illus- 
trations. Crown 8vo. [In the press, 

PARKER and B^TTAVY — TNE MORPHOLOGY OF 
THE SKULL, By Professor Parker and G. T. Bettany. 
Illustrated. Crown 8vo. lOr. dd, 

UOBINBON— TREATISE ON MARINE SURVEYING, 
Prepared for the use of younger Naval Officers. With Ques- 
tions for Examinations and Exercises principally from the 
Papers of the Royal Naval College. With the restdts. By 
Rev.' John L. Robinson, Chaplain and Instructor in the 
Royal Naval College, Greenwich. With Illustrations. Crown 
8vo. Ifs. 6d. 

Contents. — Symbols used in Charts and Surveying — The Construction 
and Use of Scales — Laying off Angles — Fixing Positions by Angles- 
Charts an^ Chart-Drawing— Instruments and Obserying — Base Lwes— 
Triangulation — Levelling— Tides and Tidal Observations— Soundings— 
Chronometers — Meridian Distances — Method of Plotting a Survey- 
Miscellaneous Exercises — Index. 
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M ANUAI.8 FOR 8TUBENT8 Continued— 
TAVr— AN ELEMENT4R Y TREA TISE ON HE A T, By 
Professor Tait, F. R. S. E. Illustrated. Crown 8vo. 

\In the press, 
TYImOII— ANTHROPOLOGY, An Introduction to the Study of 
Man and Civilisation. By E. B. Tylor, D.C.L., F.R.S. 
With numerous Illustrations. Crown 8vo. *js, 6d. 
Other volumes of these Manuals will follow. 

SCIENTIFIC TEXT-BOOKS. 

BAX.FOUR— ^ TREATISE ON COMPARATIVE EMBRY- 
OLOGY, By F; M. Balfour, M.A., F.R.S., Fellow and 
Lecturer of Trinity College, Cambridge. With Illustrations. 
In 2 vols. 8vo. Vol. I. i8j. Vol. II. 2is. 

BAX.I. (B. S., ILM,)'-EXPERIMENTAL MECHANICS, A 
Course of Lectures delivered at the Royal College of Science 
for Ireland. By R. S. Ball, A.M., Professor of Applied 
Mathematics an4 Mechanics in the Royal College of Science 
for Ireland. Cheaper Issue. Royal 8vo. los, 6it, 

BRUNTON — A TREA TISE ON MA T^RIA MEDIC A. 
By T. Lauder Brunton, M.D., F.R.S: 8vo. 

\In the press, 
-BB.VVl'rOV —TABLES OF MATERIA MEDIC A: A Com- 
panion to the Materia Medica Museum. By T. Lauder 
Brunton, M.D., F.R.S. 8vo. loj. td, 

CImAX!S1J3S— MECHANICAL THEOR Y OF HE A T. By R. 

Clausius. Translated by Walter R. Browne, M.A., late 

' Fellow of Trinity College, Cambridge. Crown 8vo. lOf. 6^. 

COTTBRII.I.— ^ TREATISE ON APPLIED MECHANICS. 

By James Cotterill, M.A., F.R.S., Professor of Applied 

Mechanics at the Royal Naval College, Greenwich. With 

Illustrations. 8vo. \In the press, 

DANIEI.I.— ^ TREATISE ON PHYSICS FOR MEDICAL 

STUDENTS. By Alfred Daniell. With Illustrations. 

8vo. [/« preparation. 

FOSTER— y^ TEXT-BOOK OF PHYSIOLOGY. By Michael 

Foster, M.D., F.R.S. With Illustrations. Fourth Edition, 

revised. 8vo. 2ix. 
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SCIENTIFIC TEXT-BOOKS C^ntinnett-^ 

OAMOBB— ^ TEXT'BOOK OF THE PHYSIOLOOICAL 

CHEMISTRY OF THE ANIMAL BODY. Including an 

aocount of the Chemical Changes occunring in Disease. By 

A. Gamgee, M.D., F.R.S., Professor of Physiology in the 

Victoria Univers^ity the Owens College, Manchester, a Vols 

Svd. With Illustrations. Vol. I. i8x. 

[ VoL IL in the press, 

OTE^Gmn-BKV'R—MLEMENTS OF COMPARATIVE ANA- 
TOMY. By Professor Carl Gegenbaur. A Translation by 
F. jEFP^RfiV Bell, B.A. Revised ^ith Preface by Professor 
£. Rait LANKBSTftH, F.R.S. With nuitierous IllustratioflB. 

miAtKll^— TEXTBOOK OF GEOLOGY, By Archibald 
Geikie, F.R.S., Director-General of the Geological Surveys 
of the United kingdom. With numerotislllusftaticms. 8iro. 28j. 

MlK'V— STRUCTURAL BOTANY, OR ORGANOGRAPHY 
ON THE BASTS OF MORPHOLOGY. To which are 
Added the principles of Taxonomy and Phytography, and a 
Glossary of Botanical Terms. By Professor AsA Gray, 
LL.D. 8vo. lOs. 6d. 

HAMILTON— y^ TEXTBOOK OF PATHOLOGY. By D.J. 
Hamilton, Professor of Pathological Anatomy (Sir Erasmus 
Wilsoil Chalf,) University of Aberdeen. %so. \In preparation. 

VkisiAi^TL— THE FERTILIZATION OF PLANTS BY 
INSECTS. By Hermann MulleA. Translated by W. 
D'Arcy Thompson, with Prefac6 by Charles DAkwm. 
With fllastfations. 8vo. [/« the press. 

Itt-e^CO^l^— POPULAR ASTRONOMY. By S. NfcwcoMB, 
LL.D., Pfoffessor U.S. J^aval Observatory. With iti Illus- 
trations and 5 Maps of thtf Stars. Second Edltioh, revised. 
8vO. l%i. 

" It ii unlike anything else of its kind, thA' wiH be i^ More use in 
dtealatinS A knowledge of Astronomy thaA nine«ttmhs of the botrfet ^idiich 
Kave appeared on the subject of late years." — Saturday Review. 

ftfititEAux — r^^ Kinematics of machinery. 

Outlines of a Theory of Machines. By Professor F. Reuleaux. 
Translated and Edited by Professor A. B. W. Kennedy, 
C.£l. With 450 Illustrations. Medium Svo. 211. 
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SCIENTIFIC TBXT-BOOKS C^nHnrnt^ 

aOSCOB ftad mCUb^lXmiajaL— INORGANIC AND OR- 
GANIC CHEMISTRY. A Complete Treatise on Inorganic 
and Organic Chemistry. By Professor H. E. RoscoE, F.R.S., 
and Professor C. Schorlemmer, 1^.R.S. With numerous 
Illustrations. Medium 8vo. 
Vols. I. and II. INORGANIC CHEMISTRY^ 

V0I..I.— The Non-MetsUie Elmaeats. 3ix. Vol. II. Part I.^ 
Metals. \%s. Vol. II. Part II.— Metals. \%s. 

Vol. III.— ORGANIC CHEMISTRY. Part. l.^THE 
CHEMISTRY OF THE HYDROCARBONS ; and th«^ 
Derivatives or ORGANIC CHEMISTRY. WHh immerous 
Illustrations. Medium 8vo. 21^. [Part II. in the press. ^ 

«eHOHI.BMMfitt— y^ MANUAL OP THE CHEMISTRY OF 
THE CARBON COMPOUNDS, OR ORGANIC CHE- 
MISTRY. By C. ScHORLEMMER, F.R.S., Professor of 
Chemistry in the Victoria University iht Owens College, 
Manchester. M/ith lUustratlofis. 8vo. 14^. 

SMITH— ^ DICTIONARY OF ECONOMIC PLANTS. 
Their History, Products, and Uses. By John Smith, A.L.S. 
Svo. 14 J. 

DOMESTIC BOTANY: Ati Exposition Of the Structure 
and Classification of Plants, and their Uses for Food, Ckything, 
Medicine, and Manufacfuring Purposes. By the same Author. 
With Illustrations. New Issue. Crown 8vo. laj. 6d. 



d RVOKBR— W TREATISE ON CHEMICAL 
PHYSICS. By Professor ThoRpb, F.R.S., and Professor 
RucksA, of the Yorkihir* College of Seieilee. Illustrated. 
8vo. [/h proration. 

«lfiflt.l6R— MACAI.lST«m— r^Af^r BOOR' OF PATHO- 
LOGICAL ANATOMY AND PATHOGENESIS. By 
Professor £rnst ZieglEr of TUbingeii. Translated and 
Edited for English Studetits by DONALD MACALlSTEIt, M. A., 
M.B., B.Sc, M.R.C.P., Fellow tod Medical Lecturer of 
St. John's College, Cambridge. With Ilhistrattions. Medium 

8vo. Part I.— GBNBkAt PATHOLCNSfCAL ANATOMY, ttf. 6d. 
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NATURE SERIES. 

THE SPECTROSCOPE AND ITS APPLICATIONS. By 
J. Norman Lockyer, F.R.S. With Coloured Plate and 
numerous Illustrations. New Edition. Crown 8vo. 3^. 6d, 

THE ORIGIN AND METAMORPHOSES OF INSECTS, 
By Sir John Lubbock, M.P., F.R.S., D.C.L. With nume- 
rous Illustrations. New Edition. Crown 8yo. 3J. 6d, 

THE TRANSIT OF VENUS, By G. Forbes, M.A., Pro- 
fessor of Natural Philosophy in the Andersonian University, 
Glasgow. Illustrated. Crown 8vo. 55. 6d, 

THE COMMON FROG, By St. George Mivart, F.R.S. 
Lecturer in Comparative Anatomy at St. Mary's Hospital. 
With numerous Illustrations. Crown Svo. 31. 6d, 

POLARISA TION OF LIGHT, By W. Spottiswoode, P.R.S. 
With many Illustrations. New Edition. Crown 8vo. y. 6d, 

ON BRITISH WILD FLOWERS CONSIDERED IN RE- 
LATION TO INSECTS, By Sir John Lubbock, M.P., 
F.R.S. With numerous Illustrations. New Edition. Crown 
8vo. 4J. td, 

THE SCIENCE OF WEIGHING AND MEASURING, AND 
THE STANDARDS OF MEASURE AND WEIGHT, 
By H. W. Chisholm, Warden of the Standards. With 
numerous Illustrations. Crown 8vo. 4^. 6d, 

HOW TO DRAW A STRAIGHT LINE: a Lecture on 
Linkages. By A. B. Kempe. With Illustrations. Crown 
8vo. is. 6d, 

LIGHT: a Series of Simple, Entertaining, and Inexpensive 
Experiments in the Phenomena of Light, for the Use of 
Students of every age. By A. M. Mayer and C. Barnard. 
With numerous Illustrations. Crown 8vo. zs. 6d. . 

SOUND : a Series of Simple, Entertaining, and Inexpensive 
Experiments in the Phenomena of Sound, for the Use of 
Students of every age. By A. M. Mayer, Professor of Physics 
in the Stevens Institute of Technology, &c. With numerous 
Illustrations. Crown 8vo. 3J. 6d, 

SEEING AND THINKING. By Professor W. K. Clifford, 
F.R.S. With Diagrams. Crown 8vo. y. 6d, 



SCIENCE. 43 



NATVRB SERIES Continued-^ 

DEGENERATION, By Prof. E. Ray Lankester, F.R.S. 
With Illustrations. Crown Svo. 2J. 6^. 

FASHION IN DEFORMITY, as Illustrated in the Customs of 
Barbarous and Civilised Races. By Prof. Fldwer. With 
Illustrations. Cro.wn Svo. 7s, 6d. 

THE SCIENTIFIC EVIDENCES OF ORGANIC EVOLU- 
TION, By G. J. Romanes, M.A., LL.D., F.R.S., Zoologi- 
cal Secretary to the Linnean Society. Crown Svo. 2j. 6d, 

CHARLES DARWIN, Memorial Notices. By Professor 
Huxley, F.R.S., G. J. Romanes, F.R.S., Archibald 
Geikie, F.R.S. and W. T. Thiselton Dyer, F.R.S. Re- 
printed from Nature, With a Portrait, engraved by C. H. 
Jeens. Crown Svo. zs, 6d, 

ON THE COLOUR OF FLOWERS, as Illustrated in the 
British Flora. By Grant Allen. With Illustrations. 
Crown Svo. 3/. 6d. 

Other volumes to follow, 

EASY LESSONS IN SCIENCE. 

Edited by Prof. W. F. Barrett. Extra fcap. Svo. 
HEA T By Miss C. A. Martineau. Illustrated. 2s, 6d, 
LIGHT, By Mrs. Awdry. Illustrated. 2s, 6d, 

SCIENCE LECTURES AT SOUTH 

KENSINGTON. 

VOL, I, Containing Lectures by Capt. Abney, Prof. Stokes, 
Prof. Kennedy, F. G. Bramwell, Prof. G. Forbes, H. C. 
Sorby, J. T. BoTTOMLEY, S. H. ViNES, and Prof. Carey 
Foster. Crown Svo. 6j. 

VOL, II, Containing Lectures by W. Spottiswoode, P.R.S., 
Prof. Forbes, Prof. Pigot, Prof. Barrett, Dr. Burdon- 
Sanderson, Dr. Lauder Brunton, F.R.S., Prof. Roscoe, 
and others. Crown Svo. 6s, 
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MANCHESTER SCIENCE LECTURES 
FOR THE PEOPLE. 

Eighth Series, 1876-7. Crown 8vo. lUnstiated. 6d, each. 
WHAT THE EARTH IS COMPOSED OK By Professor 
KoscoE, F.R.S. 

THE SUCCESSION OF LIFE ON THE EARTH By 
Professor Williamson, F.R.S. 

WHY THE EARTH* S CHEMISTRY IS AS IT IS, By 
J. N. LOCKYER, F.R.S. 
Also .complete in One Volume. Crown 8vo. cloth. 2s. 

AlMBKAXfJ^l&U—EtEMENTAR Y APPLIED MECHANICS ; 
being the simple and more practical Cases of Stress and Strain 
wrought out individually from first principles by means of 
Elementary Mathematics. ByT. Alexander, C.E., Professor 
of Civil Engineering in the Imperial CoUege of Engineering, 
Tokei, Japan. Crown 8vo. 4s, 6d, 

nurTAKY. —FIRST LESSONS IN P/^ACTICAL BOTANY. 
By G. T. Bettany, M.A., F.L.S., Lecturer in Botany at 
Guy's Hospital Medical School i8mo. is. 

BImAVTOUI^—THE rudiments of physical GEO. 
GR A PHY FOR THE USE OF INDIAN SCHOOLS ; with 
a Glossary of Technical Terms employed. By H. F. Blanford, 
F.R.S. New Edition, with Illustrationx. Globe 8vo. 2x. 6d. 

JiAY — ELECTRIC LIGHT ARITHMETIC. By R. E. 
Day, M.A., Evening Lecturer in Experimental Phjrsics at 
King's College, London. Pott Svo. 2s. 

WVKEm— UNITS AND PHYSICAL CONSTANTS. By 
J. D. Everett, F.R.S., Professor of Natural Philosophy, 
Queen's College, Bel&st. Extra fcap. 8vo. 45. 6d. 

Ql^lKlT^— OUTLINES OF FIELD GEOLOGY. By Prof. 
Geikie, F.R.S. With Illustrations. Extra fcap. 8vo. 3^. 6d. 

UAVJ^AJJ^m-^BLOWPIPE ANALYSIS. By J. Lakdauer 
Authorised English Edition by J. Taylor and W. E. Kay, of 
Owens College, Manchester. Extra fcap. Svo. 4s. 6d. 

UVVTOm— ELEMENTARY CHEMICAL ARITHMETIC. 
With 1,100 Problems. By Sydney Lupton, M.A., Assistant- 
Master in Harrow School. Globe Svo. 5^. 
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VLJ31K— PRACTICAL CHEMISTRY FOR MEDICAL STU- 
DENTS. Specially arranged for the first M. B. Course. By 
M. M. Pattison Muir, F.R.S.E. Fcap. 8vo. ix. 6^. 

JH'IL-EK-DVLICIL— OUTLINES OF PHYSIOLOGY IN ITS 
RELATIONS TO MAN By J. G. M'Kendrick, M.D., 
F.R.S.E. With Illustrations. Crown 8vo. 12;. 6^. 

MIAImJs— STUDIES IN COMPARATIVE ANATOMY, 
No. I. — The Skull of the Crocodile : a Manual for Students. 
By L. C. MiALL, Professor of Biology in the Yorkshire College 
and Curator of the Leeds Museum. 8vo. 2J. 6d. 

No. II. — Anatomy of the Indian Elephant. By L. C. MlALL 
nd F. Greenwood. With Illustrations. 8vo. 5^. 

HWLAXiJX— AN ELEMENTARY TREATISE ON HEAT, IN 
RELATION TO STEAM AND THE STEAM ENGINE. 
By G. Shann, M.A. With Illuatrationa. Crown ftvo. 41.61/. 

TiMJU-BB,— FIRST PRINCIPLES OF A GRICUL TURE. By 
H. Tanner, F.C.S., M.R.A.C., Examiner in the Principles 
of Agriculture under the Government Department of Science, 
sometime Professor of Agricultural Science, University Col^ge, 
Aberystwith, &c. i8mo. is, 

THE PRINCIPLES OF AGRICULTURE: a Serin of. 
Reading-Books for use in Elementary Schools. Prepared by 
Professor Tanner. Extra fcap. 8vo. 

I. The Alphabet of the Principles of Agriculture. ^ 

II. Further bteps in the Principles of Agriculture, ix. 

III. Third Lesson Book in the Principles of Agriculture. 

{In the press, 

ELEMENTARY LESSONS IN THE SCIENCE OF 
AGRICULTURAL PRACTICE, Fcap. 8vo. 3/. 6d. 

vniO^t—METALS AND THEIR CHIEF INDUSTRIAL 
APPLICATIONS. By C. Alder Wright, D.Sc, &c., 
Lecturer on Chemistry in St Mary's Hospital Medical SchooL 
Extra fcap. 8vo. 3J. 6d. 

WRIGHT {iM-EWlBy-LIGHT ; A COURSE OF EXPERT* 
MENTAL OPTICS, CHIEFL Y WITH THE LANTERN, 
By Lewis Wrigiit. With nearly aoo Engraviqgs and 
Coloured Plates. Cxown 8vo. is. dd. 
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ARNOLD— T:^^ ROMAN SYSTEM OF PROVINCIAL 

ADMINISTRATION TO THE ACCESSION OF CON 

STANTINE THE GREAT. By W. T. Arnold, B.A. 

Crown 8va 6s, 

"Oueht to prove a valuable handbook to the student of Roman 
history. —GuARDiAM. 

BB^BImY— STORIES FROM THE HISTORY OF ROME. 
By Mrs. Beesly. Fcap. 8vo. 2s. 6/. 

" The attempt appears to us in every way successful. The stories are 
interesting in themselves, and are told with perfect simplicity and {rood 
feeling^." — Daily News. 

BUOOIL^FRENCH HISTOR YFOR ENGLISH CHILDREN. 
By Sarah Brook. With Coloured Maps. Crown 8vo. dr. 

FRBBMAN (BDWARD K.)^OLD- ENGLISH HISTORY. 
By Edward A. Freeman, D.C.L., LL.D., late Fellow of 
Trinity College, Oxford. With Five Coloured Maps. New 
Edition. Extra fcap. 8vo. dr. 

PYPPB— ^ SCHOOL HISTORY OF GREECE, By C. A. 
Fyffe, M.A., Fellow of University College, Oxford. Crown 
8vo. \In preparation. 

GREEN— ^ SHORT HISTORY OF THE ENGLISH 
PEOPLE. By John Richard Green, M.A., LL.D. With 
Coloured Maps, Genealogical Tables, and Chronological 
Annals. Crown 8vo. 8f. 6d. Eighty-ninth Thousand. 

" Stands alone as the one genend history of the country, for the sake 
of which all others, if young and old are wise, will be speedily and surely 
set aside." — ^Academy. 

READINGS FROM ENGLISH HISTORY. Selected 
and Edited by John Richard Green, M.A., LL.D., 
Honorary Fellow of Jesus College, Oxford. Three Parts. 
Globe 8vo. is. 6d. each. I. Hengist to Cressy. II. Cressy 
to Cromwell. III. Cromwell to Balaklava. 

QVBBT-'LECTURES ON THE HISTORY OF ENGLAND. 
By M. J. Guest. With Maps. Crown 8vo. 6s. 

" It is not too much to assert that this is one of the very bat class books 
of English History for young students ever published. " — Scotsman. 
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HISTORICAL COURSE FOR SCHOOLS — Edited by 

Edward A. Freeman, D.C.L., late Fellow of Trinity 
College, Oxford. 

I. GENERAL SKETCH OF EUROPEAN HISTORY. 

By Edward A. Freeman, D.C.L. New Edition, revised 

and enlarged, with Chronological Table, Maps, and Index. 

i8mo. cloth. 3 J. 6</. 

" It supplies the great want of a good foundation for historical teaching. 
The scheme is an excellent one, and this instalment has been executed in 
a way that promises much for the volumes that are yet to appear."— 
Educational Times. 

II. HISTOR Y OF ENGLAND, By Edith Thompson. 
New Edition, revised and enlarged, with Coloured Maps. 
iSmo. 2 J. 6^. 

III. HISTORY OF SCOTLAND. By Margaret 
Mac ARTHUR. New Edition. i8mo. 2J. 

" An excellent summary, unimpeachable as to facts, and putting them 
in the clearest and most impartial light attainable." — Guardian. 

IV. HISTORY OF ITALY. By the Rev. W. Hunt, M.A. 

New Edition, with Coloured Maps. i8mo. [Just ready. 

*' It possesses the same solid merit as its predecessors • •, • . the same 

' scrupulous care about fidelity in details. ... It is distinguished, too, by 
information on art, architecture, and social politics, in which the writer^ 
grasp is seen by the firmness and clearness o( his touch." — Educational 
Times. 

V. HISTORY OF GERMANY. By J. Sime, M.A. 

i8mo. 3J. 

"A remarkably clear and impresdve historv of Germany. Its great 
events are wisely kept as central figures, and the smaller events are care- 
fully kept, not only subordinate and subservient, but most skilfully woven 
into the texture of the historical tapestry presented to the eye." — 
Standard. 

VI. HISTORY OF AMERICA. By John A. Doyle. 

With Maps. i8mo. 4^. 6df. 

'* Mr. Doyle has performed his task with admirable care, fulness, and 
clearness, and for the first time we have for schools an accurate and inter- 
esting history of America, from the earliest to the present time.*'— 
Standard. 

EUROPEAN COLONIES. By E. J. Payne, M.A. With 

Maps. i8mo. \s. 6d. 

" We have seldom met with an Historian capable of forming a more 
comprehensive, &r-seeing, and unprejudiced estimate of events and 
peoples, and we can commend this little work as one certain to prove ot 
the highest interest to all thoughtful readers."— Tim bs. 

FRANCE. By Charlotte M. Yonge. With Maps. 

i8mo. 3^. 6ii, 

'* An admirabk text-book for the lecture room."-'AcADBMY. 
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HISTORZCAIa COUR8B FOB SCHOOLS Contintud— 
GREECE, By Edward A. Freeman, D.C.L. 

[In Reparation. 

ROME, By Edward A. Freeman, D.C.L. [In the press. 
HISTORY PBIMBBS— Edited by John Richard Green, 
Author of " A Short History of the English People." 
ROME. By the Rev. M. Creighton, M.A., late Fellow 
and Tutor of Merton College, Oxford. With Elevca Maps. 
i8mo. I J. 

"The author has been oufioHsljF wceesifol in teOiag ia an iatelli- 
sent way Uk ttory of Ron^ firtjm first to last."— School Boakd 
Chroniclk. 

GREECE. By C. A. Fyffe, M.A., Fellow and late Tutor 

of University College, Oxford. With Five Maps. iSmo. is. 
'•We give our vnquali/BBd prawe 1^ Ihia Kttle mwa)."— Scsool- 

MASTSIt. 

EUROPEAN HISTORY. By E. A. Pkebman, D.C.L., 

LL.D. With Maps. 18010. ix. 

**Tl|e work is always dear, a«d foupa a Imajpoiw le^ to £uvcpeaa 
bi^ory."— School Board Chronicls. 

GREEK ANTIQUITIES. By the Rev. J. P. Mahafry, 
M.A. Illustrated. i8mo. u. 
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' All that is necessary for the scholar to know is told so compactly yet 
so fuUy, and in a styfe 90 intaiestin^, that it is ia^rassthle &>r ev«n the 
dullest boy to look on this tittle work m the same ^ht as he regaids his 
other school books."— Schoolmaster. 

CLASSICAL GEOGRAPHY. By H. F. Tozeb, M.A. 

i8mo. is, 

"Another valuable aid to the study of the ancient world- ... It 
contains an enormous quantity of information packed into a snuJl space, 
and at fbe same tim« oommitfiicatad in a very veadableabape.*-^JoHN Bulu- 

GEOGRAPHY. By Georo« G»ove, D.C.L. With Maps. 

l8mo. is. 

** A model of what such a work should be .... we know of no short 
treatise better suited to Infuse life and spirit into the dull lists of proper 
names of which our ordinary class-books so often almost excluavely 
coQ|ist.'*<-TxMaa. 

ROMAN ANTIQUITIES. By Professor Wilkins. Illus- 
trated. i8mo. Is. 

" A little book that throws a blaze of light on Roman History, and 
is, moreover, intensely interesting.*— ScgopL 60ARD Ckroniclv. 

FRANCE. By Chari.ottb M. Yqnge. i8ao. ix. 

" May be considered a wonderftilTy successful jxece of work. ... Its 
general merit as a vigorous and clear sketch, giviag in a saiall space a 
vivid idta of the kmory of Fcsmofi nrmaint a%A»»iahla. '"-^Saturday 
Rbvikw. 



HISTORY. 49 



LBTHBRIDGE— ^ SHORT MANUAL OF THE HISTORY 
OF INDIA. With an Account of India as it is. The 
Soil, Climate, and Productions ; the People, their Races, 
Religions, Public Works, and Industries ; the Civil Services, 
and System of Administration. By Roper Lethbridge, 
M.A., C.T.E., late Scholar of Exeter College, Oxford, formerly 
Principal of Kishnaghur College, Bengal, Fellow and sometime 
Examiner of the Calcutta Univerjiity. With Maps. Crown 
8vo. 5j. 

MICHELET— ^ SUMMARY OF MODERN HISTORY 
Translated from the French of M. Michelet, and continued to 
the Present Time, by M. C. M. Simpson. Globe 8vo. 4?. 6d. 

orrt— SCANDINAVIAN HISTORY, By E. C. Ott^. 
With Maps. Globe 8to. 6s. 

RAMSAY—^ SCHOOL HISTORY OF ROME. By G. G. 
Ramsay, M.A., Professor of Humanity in the University of 
Glasgow. With Maps. Crown Svo. [In preparation, 

TAIT— ANAL YSIS OF ENGLISH HIS TOR K, ba-ed on Green's 
" Short History of the English People." By C. W. A. Tait, 
M.A., Assistant-Master, Clifton College. Crown Svo. 3J. 6d. 

WHEBI.ER— ^ SHORT HISTORY OF INDIA AND OF 

THE FRONTIER STATES OF AFGHANISTAN, 

NEPAUL, AND BURMA, By J. Talboys Wheeler. 

With Maps. Crown Svo. I2j. 

'*It is the best book of the kind we have ever seen, and we recommend 
it to a place in every school library." — Educai ional Times. 

YOX?6E (CHARLOTTE M.)— ^ PARALLEL HISTORY OF 

FRANCE AND ENGLAND: consisting of Outlines and 

Dates. By Charlotte M. Yonge, Author of "The Heir 

of Redclyffe," &c., &c. Oblong 4to. 3^. 6d, 

CAMEOS FROM ENGLISH HISTOR Y. — FROM 

ROLLO TO EDWARD II. By the Author of ** The Heir 

of Redclyffe." Extra fcap. Svo. New Edition. 5^. 

A SECOND SERIES OF CAMEOS FROM ENGLISH 

HISTORY- THE WARS IN FRANCE. New Edition. 

Extra fcap. Svo. 5^. 

A THIRD SERIES OF CAMEOS FROM ENGLISH 
HISTORY—THE WARS OF THE ROSES. New Edition. 
Extra fcap. Svo. $s, 

4 
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YONOB (CHARI.OTTB M.) Continued^ 

CAMEOS FROM ENGLISH mSTORY^A FOURTH 
SERIES. REFORMATION TIMES. Extra Fcap. 8vo. 5/. 

EUROPEAN HISTORY. Narrated in a Scries of 
Hi.^torical Selections from the Best Authorities. Edited and 
arranged by E. M. Sewell and C. M. YoNGE. First Scries, 
1003 — HS4. Third Edition. Crovyn 8vo. ^, Second 
Series, 1088 — 1228. New Edition. Crown 8vo. 6/. 

DIVINITY. 

•»• For other Works by these Authors, see Theological 

Catalogue. 

ABBOTT (REV. B. K.)— BIBLE LESSONS. By the Rev. 

E. A. Abbott, D.D., Head Master of the City of London 

School. New Edition. Crown 8vo. 4s. 6d. 

" Wise, suggestive, and really profound initiation into refigtous tliouffht" 
— Guardian. 

ARNOLD—^ BIBLE-READING FOR SCHOOLS— THE 
GREAT PROPHECY OF ISRAEL'S RESTORATION 
(I<;aiah, Chapters xl. — Ixvi.). Arranged and Edited for Young 
Learners. By Matthew Arnold, D.C.L., formerly 
Professor of Poetry in the Univer.-ity of Oxford, and Fellow 
of Oriel. New Edition. i8mo. cloth, ix. 

ISAIAH XL.^LXVL With the Shorter Prophecies allied 
to it. Arranged and Edited, with Notes, by Matthew 
Arnold. Crown 8vo. 5j. 

OHEETHikM— ^ CHURCH HISTORY OF THE FIRST 
SIX CENTURIES. By the Yen. Archdeacon Cheet- 
HAM. Crown 8vo. [In ike press. 

CVVLTIRIB^ MANUAL OF THE THIRTY-NINE AR- 
TICLES. By G. H. Curteis, M.A., Principal of the 
Lichfield Theological College. \In preparation. 

QABKOIK—THE CHILDREN S TREASURY OF BIBLE 
STORIES. By Mrs. Herman Gaskoin. Edited with 
Preface by the Rev. G. F. Maclear, D.D. Part I.— OLD 
TESTAMENT HISTORY. i8mo. is. Part II.— NEW 
TESTAMENT. i8mo. is. Part IIL —THE APOSTLES : 
ST. JAMES THE GREAT, ST. PAUL, AND ST. JOHN 
THE DIVINE. i8mo. \s. 
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GOLDEN TREASURY PSALTER— Students' Edition. Being 
an Edition of "The Psalms Chronologically arranged, by 
Four Friends," with briefer Notes. i8mo. 3J. 6d, 

GREEK TESTAMENT — Edited, with Introduction and Appen- 
dices, by Canon Westcott and Dr. F. J. A. Hort. Two 
Vols. Crown 8vo. lOJ. 6d, each. 

Vol. I. The Text. 

Vol. II. Introduction and Appendix. 

GREEK TESTAMENT FOR SCHOOLS— 7W^ GOSPEL 
ACCORDING TO ST, MATTHEW, Edited, with Intro- 
duction and Notes, by E. W. Howson, M.A., Fellow of 
King's College, Cambridge, and Assistant-Master at Harrow. 
Fcap. 8vo. \In preparation, 

THE GOSPEL ACCORDING TO ST. LUKE. Edited 
by Rev. E. C. Selwyn, M.A., Fellow of King's College, 
Cambridge, and Principal of Liverpool Collie. Fcap. 8vo. 

\In preparaHcn. 

THE ACTS OF THE APOSTLES. Edited by T. E. 
Page, M.A., Assistant-Master at the Charterhouse. 

iln preparation. 

HARDWICK — Works by Archdeacon Hardwick. 

A HISTORY OF THE CHRISTIAN CHURCH. 
Middle Age. From Gregory the Great to the Excommuni- 
cation of Lutter. Edited by William Stubbs, M.A., Regius 
Professor of Modem History in the University of Oxford. 
With Four Maps. Fourth Edition. Crown 8vo. lor. 6d. 

A HISTORY OF THE CHRISTIAN CHURCH DURING 
THE REFORMA TION Fourth Edition. Edited by Pro- 
fessor Stubbs. Crown 8vo. los. 6d. 

JENNINGS and ImOWB^-THE PSALMS, WITH INTRO- 
DUCTIONS AND CRITICAL NOTES. By A. C. 
Jennings, B.A. ; assisted in parts by W. H. Lowe. In 
2 vols. Crown 8vo. loj. 6d. each. 

KIKO— CHURCH HISTORY OF IRELAND. By the Rev. 
Robert King. New Edition. 2 vok. Crown 8vo. 

[In preparation. 
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,.«s by Right Rev. J* P. X^ghtFOQt, D.D., 
^« i>iirhain. 
*,/: 'PAUUS EPISTLE TO THE CAL4TIANS. A 
RcTised Text, i*ith Introduction, Notes, and Dissertations. 
Seventh Edition, revised. 8vo. I2j. 

ST, PAUUS EPISTLE TO THE PHILIPPIANS. A 
Revised Text, with Introdncion, Notes, and Dissertations. 
Seventh Edition, revised. 8vo. izr. 

ST. CLEMENT OF ROME— THE TWO EPISTLES TO 
THE CORINTHIANS, A Revised Tart, ^th Jptroduction 
and Notes. 8vo. &r, 6</, 

ST PAUVS EPISTLES TO THE QOLOSSIANS AND 
TO PHILEMON. A Revised Text, with I^t^oductions, 
Notes, and Dissertations. Sixth Edition, revised. 8vo, I2s. 
THE IGNA TIAN EPISTLES. [In the press, 

MAOLEAR— Works by the Rev. G. F. Macxbar, D.D., 
Warden of St. Augustine's College, Canterbury. 

A CLASS-BOOK OF OLD TESTAMENT HISTORY. 
New Edition, with Four Maps. iSmo. 4J. 6d, 
A CLASS-BOOK OF NEW TESTAMENT HISTORY, 
including the Connection of the Old and New Testaments. 
With Four Maps. New Edition. i8mo. 5^. 6^. 

A SHILLING BOOK OF OLD TESTAMENT 
HISTORY, for National and Elementary Schools. With 
Map* iSmo. eloth. .New Edition. 

A SHILLING BOOK OF NEW TESTAMENT 
HISTORY, for National and Elementary Schoob. With 
Map. iSmo. doth. New Edition. 

Thfe« WQrks have b<MSi carefhUy abridged from the author's 

Utfge miuiiials* 

CLASS-BOOK OF THE CATECHISM OF THE 
CHURCH OF ENGLAND. New P4, igmo. dot^. U, fy^. 
4 FIRST CLASS-BOOK OF THfC CATECmSM OF 
THE CHURCH OF ENGL4Nl>, with Scril^vie Proofs, 
for Junior Classes and Schools. New Edition. i8|i|a. ^. 

A MANUAL OF INSTRUCTION FOR C0NFLRM4' 
TION AND FIRST COMMUNION WITH PR4 YERS 
AND DEVOTIONS. 32mo. cloth extra, red edges. 2f. 
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MAURICE— riZB LORjys PRAYER, THE CREED, aMD 
THE COMMANDMENTS. A Manual for Parents and 
Sohoolmasters. To which is added the Order of the Scriptures. 
BytheKev. F.DenisonMauricEi M.A. iSmo. cloth^lhnp. u, 

PKOeTHR— ^ HISTORY OF THE BOOK OF ^COMMON 
PRAYER, with a Rationale of its Offices. By FrAnces 
Procter, M.A. Sixteenth Edition, revised and enlarged. 
Crown Svo. I or. 6^. 

PROCTBR AND lHlL01*^KSi— AN ELEMENTARY INTRO- 
DUCTION TO THE BOOK OF COMMON PRA YER, 
Re-arranged and supplemented by an Explanation of the 
Morning ftnd Evening Prayer dlid the Litany .» By the 
Rev. F. Procter and the Rev. Dr. Maclear^ New 
and Enlarged Edition, containing the Communion Service and 
the Confirmation and Baptismal Offices. i8mo. 2.s, 6d, 

IMS ifUAiMik, witii iM'tttomjcrtidirs amd ^iki*ttoAi. 

NOTSft— By A. C. j£NNi»<6$, B.A., Jesns CoIle|f«, Cam- 
bridge, Tyrwhitt Seholar, Crosse S9hokir,- Hebrew University, 
Prizeman^ &nd Fry Scholar of Sti John'» College ; assisted in 
Parts by W. H. Lowe,. M.A., Hebrew Lecturer and late 
Scholar of^ Christ's College, Cambridge, and Tyrwtitt l^dholar. 
In 2 vols. Crown 8vo. \os 6d. each. 

RAMSAY— r-^i? CA TECHISER'S MANUAL ; or, tte Cturch 
Catechism Ifliistrated and Explained, for tlie Use o^ Clergymen, 
Schoolmasters, and Teachers. By the Rev. ARt kt/R itAMsAY, 
M.A. New Edition. i8mo. u. dd, 

SIMPSON— y^iV EPITOME OF THE HISTORY OF THE 
CHRISTIAN CHURCH By William Simpson, M.A. 
New Edition. Fcap. 8vo. 3^. 6d, 

ST. PAUIa'S SPISTIiBS -Greek Text, with IntrodnolioB and 

Notes. 

THE EPISTLE TO THE GA^LATIANS. Edi'ed by 

the Ilight. Rev. J. t, LiGWitoc^, D.tX., BlsiiO|) of ^jfiimu. 

Seventh Edition. Svo. 12j. 

THE EPISTLE TO THE PHILIPPIANS, By the 

MOM Editet. Seventh Edition Svo^ 12s. 

THE MPISTLB To the COLOSSIANS. By the teme 

Editor. Sixth Edition. 8vo. I2J. 
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ST. PAUL'S BPISTLES CofUinued-^ 

THE EPISTLE TO THE ROMANS, Edited by the Very 
Rev. C. J. Vaughan, D. D., Deaa of Llandaff, and Master of 
the Temple. Fifth Edition. Crown 8vo. 1$. 6d. 

THE EPISTLE TO THE HEBREWS, Edited by Rev. 
F, RendaiIl, M.A. Crown 8vo. [/«^^ ready, 

THE EPISTLE TO THE THESSALONIANS, COM- 
MENTAR Y ON THE GREEK TEXT, By John Eadie, 
D.D., LL.D. Edited by the Rev. W. Young, M.A., with 
Preface by Professor Cairns. 8vo. i2j. 

TRENCH— -By R. C. TRENCH, D.D., Archbishop of Dublin. 

NOTES ON THE PARABLES OF OUR LORD, Four- 
teenth Edition, revised. 8vo. \2s, 

NOTES ON THE MIR A CLES OF OUR LORD, Eleventh 
Edition, revised. 8vo. 12s. 

COMMENTARY ON THE EPISTLES TO THE SEVEN 
CHURCHES IN ASIA. Third Edition, revised. 8vo. %s.6cl, 

LECTURES ON MEDIEVAL CHURCH HISTORY. 
Being the substance of Lectures delivered at Queen's College, 
London. Second Edition, revised. 8vo. I2J. 

SYNONYMS OF tHE NEW TESTAMENT, Ninth 
Edition, revised. 8vo. 12s, 

\inBSTCOTT — Works by Brooke Foss Westcott, D.D., Canon 
of Peterborough. 

A GENERAL SURVEY OF THE HISTORY OF THE 
CANON OF THE NE W TESTAMENT DURING THE 
FIRST FOUR CENTURIES, Fifth Edition. WithPrefece 
on " Supernatural Religion." Crown 8vo. icu. 6d. 

INTRODUCTION TO THE STUDY OF THE FOUR 
GOSPELS, Fifth Edition. Crown 8vo. los, 6d, 

THE BIBLE IN THE CHURCH, A Popular Account 
of the Collection and Reception of the Holy Scriptures in 
the Christian Churches. New Edition. i8mo. doth. 
4^ . 6d, 
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•VESTCOTT— HOBT- 7W^ NEW TESTAMENT IN THE 
ORIGINAL GREEK. The Text Revised by B. F. Westcott, 
D.D., Regius Professor of Divinity, Canon of Peterborough, 
and F. J. A. HoRT, D.D., Hulsean Professor of Divinity; 
Fellow of Emmanuel College, Cambridge i late Fellows of 
Trinity College, Cambridge. 2 vols. Crown 8vo. lOf. 6^. each. 
Vol. I. Text. 
Vol. II. Introduction and Appendix. 

WILSON— r^y^ BIBLE STUDENT'S GUIDE to the more 
Correct Understanding of the English Translation of the Old 
Testament, by reference to the original Hebrew. By William 
Wilson, D.D., Canon of Winchester, late Fellow of Queen's 
College, Oxford. Second Edition, carefully revised. 4to. 
cloth. 25J. 

YON6E (CHARLOTTE VL.)— SCRIPTURE READINGS FOR 
SCHOOLS AND FAMILIES. By Charlotte M. Yonge. 
Author of " The Heir of Redclyffe." In Five Vols. 

First Series. Genesis to Deuteronomy. Extra fcap. 
8vo. \s. 6d. With Comments, y. 6d. 

Second Series. From Joshua to Solomon. Extra fcap. 
8vo. is. 6d. With Comments, 31. 6^. 

Third Series. The Kings and the Prophets. Extra fcap. 
8vo. IJ. 6d, With Comments, 3J. 6d. 

Fourth Series. The Gospel Times, is, dd. With 
Comments, extra fcap. 8vo., y 6d, 

Fifth Series. Apostolic Times. Extra fcap, 8vo. is, 6d. 
With Comments, 3^. dd, 

ZECH ARI AH — LOWS — 7W:£ HEBREW STUDENTS 
COMMENTARY ON ZECHARIAH, HEBREW AND 
LXX, With Excursus on S) liable-dividing, Metheg, Initial 
Dagesh, and Siman Rapheh. By W. H. Lowe, M.A., 
Hebrew Lecturer at Christ's College, Cambridge. Demy 8vo. 
los, 6d. 

MODERN LANGUAGES, ART, ETC. 

ABBOTT—^ SHAKESPEARIAN GRAMMAR. An attempt 
to illustrate some of the Differences between Elizabethan and 
Modem English. By the Rev. E. A. Abbott, D.D., Head 
Master of the City of London School. New Edition. Extra 
fcap. 8vo. 6s, 
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AHDBRBON— Z/ATff^/? PBkSPECTIVEy AND MODEL 
DRA WING. A School and Art Class Manual, with Questions 
and Exercises for Examination^ and Exam|)les oi Exan^nation 
Papers. By Laurence Anderson. With Illustrations. 
Royal 8vo. 2j. 

tiAXLYL-OL—FIRST LESSONS IN THE PRINCIPLES OP 
COOKING. By Lady Barker. New Edition. i8mo. is, 

BOW^K—FIRSr LESSONS IN FRENCH. By H. CouR- 
THOPE Bowen, M.A., Principal of the Piiisbury Training 
College for Higher and Middle Schools. Extra fcap. 8vo. is, 

BEAtlMARCHAIS— Z^ BARBIER DE SE VILLE. Edited, 
with Introduction and Notes, by L. P. Blouet, Assistant- 
Master in St. PauFs School. Fcap. 8vo. 3^. 6</. 

-B^'BlH^'SLn— FIRST LESSONS ON HEALTH. By J. Ber- 
NERS. New Edition. i8mo. is. 

BtsAtLlBTOltt—THE TEACHER, Hints on School Manage- 
ment. A Handbook for Managers, Teacters* Assistants, and 
Pupil Teachers. By J. R. SlakIston, M.A. Crown 8vo. 
2s. 6d. (Recommended by the London, Birmingham^ and 

Leicester School Boards.) 

" Into a comparatively small book Ke has crowded a great deal of ex- 
eecidmgly useliil rtnd soond advice. It is a plaift, coiAmotf-ieii$e book, 
full of hints to the teacher on the iiiaiiag^aMnt of. his Ichool a(nd his 
children. — School Board Chronicle. 

BREYMANN — Works by Hermann BreymanN/ Ph.Dj, Pro- 
fessor of Philolc^ in the Uiiiversity of Munich. 

A FRENCH GRAMMAR BASED ON PHILOLOGICAL 
PRINCIPLES. Second Edition. Extra fcap. 8vtf. 4s. 6z/. 

FIRST FRENCJI EXERCISE BOOK. Extra fcap. 8vo. 

SECOND FRENCH EXERCISE BOOK. Extra fcap. 8to. 
2s. 6d. 

BUOOKB— MILTON, By Stopford Brooke, M.A. Fcap. 
8vo. IS. M. (Classical Writers Series.) 

BXJTJ*BB.-HC/DIBRAS. Part I. Edited, with Introduction 
and Notes, by Alfred Milnes, M.A. Crown 8vo. ^s, 6a, 

. [Part n. in tne press. 

CAMBRIDGE UNIVERSITY AIiAlANACK AND RE- 
6isrr£ft FOft mUl, being the Twenty-ninth Year of 
Publication. Crown 8vo. 31. td. 



MODERN LANGUAGES, ART, ETC. 57 

CikJJ}TXWOOT}^HANDB00K OF MORAL PHILOSOPHY. 
By the Rev. Henry CalDerwood, LL.D., Professor of 
Moral Philosophy,' University of Edinburgh. New Edition. 
Crown 8vo. 6s, 

COJAtSSL—A PRIMER OF ART. With lUuftratioiis. By 
John Collier. i8mo: is, 

jfAntB^THE PURGATORY OF DANTE, Edited, witlt 
Translation and Notes, by A. J. Butler, M.A., late Fellow 
of Trinity College, Cambridge. Crown 8vo. t±i, 6d, 

DSLAMOTTE—^ BEGINNERS DRAWING BOOK, By 
P. H. Delamoti'e, F.S.A. Progressively arranged. New 
Edition improved. Cro^n 8vo. 3^. td, 

J>RYJ>mi-^SEL£CT PROSE WORKS. Edit^ witih Intro- 
duction and Notes, by Prof. C. D. Yonge. Fcap. %yo* ^, 6d, 

TAB^KGVtt--THE ORGANIC METHOD OF STUDYING 
LANGUAGES. By G. EuoftNE Fasnacht, Author of 
" Macmilkn's Progressite French Cotfse," Editor "Mfl6- 
mfllan's Foreign School Classics^" But. Extra leap. 8vo. 
I. French* $s* 6d. 

A SYNTHETIC FRENCH GRAMMAR FOR SCHOOLS, 
By the sMne Author. Crown 8vo. 3f. td, 

VAWGttTT— TALES IN POLITICAL ECONOMY. By 
Millicent Garrett Fawcett. Globe 8vo. 3J. 

V^KUOJX— 'SCHOOL INSPECTION, By D. R. Fearon, 
M.A., Assistant Commissioner of Endowed Schools. New 
Edition. Crown 8vo. 2s. 6d, 

TRlRl>l^lLtQiL—H/NTS TO HOUSMWIVMS ON SEVERAL 
POINTS, PARTICULARLY ON THE PREPARATION 
OF ECONOMICAL AND TASTEFUL DISHES. By 
Mrs. Frederick. Crown 8vo. is. 

'' This unpreteh^g and useful little Yolume distinctly supplies a de- 
aderatum. . . . , The author steadily keeps in view the simple aim of 
'making every-day meals at home, particularly the dinner, attractive, 
without adding to me ordinary household expenses.*' — Saturday Revie7v, 

OtUL-DBTOJU-A— SPELLING REFORM FROM AN EDU- 
CATIONAL POINT OF VIEW, By J. H. Gladstone, 
Ph.D., F.R.S., Member of the School ftoard for London. 
New Edition. Crown 8vo. is. 6J, 
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GLOBE READINGS FBOM STANDARD AUTHORS. 

COWPEK'S TASK: AN EPISTLE TO JOSEPH HILL, 
ESQ,; TIROCINIUM, or a Review of the Schools; and 
THE HISTOR Y OF JOHN GILPIN. Edited, with Notes, 
William Ben ham, B.D. Globe 8vo. \s, 

GOI.D8MITH'S VICAR OF WAKEFIELD. With a Memoir 
of Goldsmith by Professor Masson. Globe 8vo. I5. 

I.AMB'8 (CHARI.BS) TALES FROM SHAKSPEARE. 

Edited, with Preface, by Alfred Ainger, M.A. Globe 

8vo. 2S. 
SCOTT'S (SIR WALTER) LAY OF THE LAST 

MINSTREL ; and THE LAD Y OF THE LAKE. Edited, 

with Introductions and Notes, by Francis Turner Palgrave. 

Globe 8vo. u. 

MARMION; and the LORD OF THE ISLES. By the 
same Editor. Globe 8vo. \s. 

The Children's ChurUtnd from the Best Poets. — Selected 
and arranged by Coventry Patmore. Globe 8vo. 2j. 

YONGE (CHARLOTTE M.)-— ^ BOOK OF GOLDEN 
DEEDS OF ALL TIMES AND ALL COUNTRIES. 
Gathered and narrated anew by Charlotte M. Yonge, the 
author of ** The Heir of Redclyffe." Globe 8vo. ^s. 

GLOBE READERS. For Standards L— VI. Edited by A. 
F. Murison. With Illustrations. 



Primer I. (48 pp.) yl. 

Primer II. (48 pp.) yl. 

Book I. (96 pp.) 6d. 

Book II. (136 pp.; 9^. 



Book III. (232 pp.) is. yi. 
Book IV. (328 pp.) I J. 9</. 
Book V. (416 pp.) 2J. 
Book VI. (448 pp.) 25. 6ti. 



" Among the numerous sets of readers before the public the present series is 
honouratbly distinguished by the marked superiority of its materials and the 
careful ability with which they have been adopted to the growing capadty of the 
pupils. The plan of ihe two primers is excellent for facilitating the child's first 
attempts to read. In the first three following books there is abundance of enter-- 
taining reading Better food for young minds could hardly be found." — 

Thk AXHENiBUM. 

GOLDSMITH— TW'^ TRA FELLER, or a Prospect of Society ; . 
and THE DESERTED VILLAGE. By Oliver Gold-' 
SMITH. With Notes Philological and Explanatory, by J. W. 
Hales, M.A. Crown 8vo. dd. 
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QOJmJ^BVLITU—SEZJSCT ESSA VS. Edited, with Introduction 
and Notes, by Professor C. D. Yonge. Fcap. 8vo. 2s. 6d. 

Qf^AXkJ^'-SLOyLlfL^—CUTTmG'OUT AND DRESSMAKING, 
From the French of Mdlle. E. Grand'homme. With Dia- 
grams. iSmo. Is, 

GIBBBN--4 SHORT GEOGRAPHY OF THE BRITISH 
ISLANDS. By John Richard Green and Alice 
Stopford Green. With Maps. Fcap. 8vo. 3J. 6d. 

The Times says : — ** The method of the work, so far as real instruction 
is concerned, is nearly all that could be desired. ... Its great merit, in 
addition to its scientific arrangement and the attractive style so familiar 
to the readers of Green's Short History is that the facts are so presented 
as to comjpel the careful student to think for himself. . . .^The work may 
be read with pleasure and profit by anyone ; we trust that it will gradually 
find its way into the higher forms of our schools. With this text-boek as 
his guide, an intelligent teacher mi^ht make geog^raphy what it really is — 
one of the most interesting and widely-instructive studies." 

UAI^-EB^LONGER ENGLISH POEMS, with Notes, Philo- 
logical and Explanatory, and an Introduction on the Teaching 
of English. Chiefly for Use in Schools. Edited by J. W. 
Hales, M.A., Professor of English Literature at King's 
Collegef London. New Edition. Extra fcap. 8vo. 4f. 6d. 

HOI.B~^ GENEALOGICAL STEMMA OF THE KINGS 
OF ENGLAND AND FRANCE. By the Rev. C. Hole. 
On Sheet, is. 

JOHNSON'S LIVES OF THE POETS, The Six Chief Lives 
(Milton, Dryden, Swift, Addison, Pope, G ay), with Macaulay's 
"Life of Johnson." Edited with Pir;face by Matthew 
Arnold. Crown 8vo. 6s. 

ItlTERATURB PRIMERS— Edited by JCHN RICHARD Green, 
Author of "A Short History of the English People." 

ENGLISH GRAMMAR. By the Rev. R. Morris, LL.D., 
sometime President of the Philological Society. i8mo. 
cloth, is. 

ENGLISH GRAMMAR EXERCISES. By R. Morris, 
LL.D., and H. C. Bowen, M.A. i8mo. *is, 

THE CHILDREN'S TREASURY OF LYRICAL 
POETRY. Selected and arranged with Notes by Francis 
Turner Palgrave. In Two Parts. i8mo. is. each. 

ENGLISH LITERATURE. By Stopford Brooke, 
M.A. New Edition. i8mo. is». 
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Lt^fiAAtUltE MtlHBKS ConHfhUd-^ 

PHILOLOGY. By J. Peile, M.A. i8mo. is. 

CHEEK LITERATURE* B/ Professor Jebb, M.A. iSW is, 

SHAKSPERE, By Professor Dowd»n. iSnto. t/. 

HOAtER, By the Righ< Hoft. W. fe. GLADstONi, M.l'. 
iSzno. If. 

kNQLISH COMPOSITION. 3y Pr©fcs»or I^iCHoL* iSmo. 
U. 

EXERCISES ON MORRISES PRIMMR OF EHC^LISH 

GRAMMAR. By John WETHE&itL, 6f the Middle 

School,- LiTtffpool Coltege. itea^ u. 

In prep&rmfioB >— 

LATIN LITER ATURMs Hy Frdt^Mi BUnM* 
MiSTOkV OP The MaU^tt LANOUA&M. By 

J. A. ti. Ml/RRAY, LL.D. 

SPECIMENS OF THE ENCLlSti LANGVAGE. 
To Illustrate the above. By the same Author. 

Published in two sizes, viz. : — 

f . Large j'osf 4(6. ^rke^ ^. eAcK/ 
tL. Po$t Oblong. PH€« zd. ea^« 

I. INITIATORY £XEkCiSES ^ SkOkT LRrrERS. 

•2. WORDS CONSISTING OF SHORT LETTERS. 

*3. LONG LETTERS. With words ooiHaining Long 
Let tcrs — Figures. 

*4. WORDS CONTAINING LONG LETTERS, 

4a. PRACTISING AND REVISING COPY^BOOKi For 
NcM. I to 4. 

•5. CAPITALS AND ^HORT HALF-TEXT Words 
b(f|{inning with a Ciipitai. 

*6. HALF-TEXT WORDS, b«gfetttfl^ witfe 4 Ciipital- 
Figxlres. ^ 

♦^ SMALL^tiAND ANJb HA LP TEXT. With C«iHtals 
and Figures. 



J 
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ISACtfl^ItAN'H COPY-BOOKS CantUmfd-^ 

*8. SMALL-HAND AND HALF-T&XT. WWl Capitals 
juid Figures. 

8a. PRACTISING AND REVISING COPY-BOOK. For 
No6. 5 to S. 

*^. SMALL-HAND SINGLE HEADLINES— n^xe&. 
lo. SMALL-HAND SINGLE HEADLINES— Y'\^;xx9&. 
•jj. SMALL-HAND DOUBLE HEADLINES.— Tx^ss^. 

la. COMMERCIAL AND ARITHMETICAL EX- 
AMPLES, ^c, 

12a. PRACTISING AND REVISING COPY-BOOK. Fof 
Nos, 3 to II. 

* 77/«^ numbers may be had with Goodman^s Patent Sliding 
Copies. Larg;e Post 410. Price (>d. each. 

BIAGMIIaI«AN'S PROGRESSIVE FRENCH COURSE— By 

G. EuGfeNE Pasnacht, Senior Master of Modem Languages, 
Harpur Foundation Modem School, Bedford. 

I. — ^FiRST Year, containing Easy Lessotis on the Regular 
Accidence. Extra fcap. 8to. is, 

II. — Second Year, containing Conversational Lessons on 
Systeniatic Accidence and Elementary Syntax. With Philo- 
logical lUastrations and Etymological Vocabulary, is. 6d. 

Ill,— Thjrd Year, containing a Systematic Syntax, and 
Lessons in Composition. Extra fcap. 8vo. 2s. 6d. 

VAOMCIItlJlLWS FRe«RB6SIVE FRENCH READERS— 

By G. £uGi:NE Fasnacht. 

I.— First Year, containing Tables, Historical Ettracts, 
Letters,- Dialogues, Fables, Ballads, Nursery Songs, &c., 
with Two Vocabularies: (i) in the order of subjects; (2) in 
alphabetical order. Extra fcap. 8vo. 2s. 6d, 

JI. — Second Year, containing Fiction in Prose and Verse, 
Historical and Pescriptive Extracts, Essays, X^ters, Dialogues, 
&c. Extra fcap. 8vo. 2s. 6d. 
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CMIUUkM'B PmOGRBSSnrS GSRMAN COURSE— By 
G. EuGtNX Fasnacht. 

Part L — First Ysar. Easy Lessons and Rules on the Rc^lar 
Accidence. Extra fcap 8vo. is. dd. 

Part II. — Second Year. Conversational Lessons in Sys- 
tematic Accidence and Elementary Syntax. With Philolc^cal 
Illnstrations and Etymological Vocabulary. Extra ficap. 
8vo. 2f. 

%* Keys to the French and German Courses are in preparation, 

[ACMIIiItAN'S rOKEIGN SCHOOL CI.A88ICS. Edited by 
G. Eugene Fasnacht. i8mo. 



CORNEILLE—LE CID, Editd^ by G. £. Fasnacht. u. 

MOLIMRE—LES FEAIMES SAVANTES, Edited by 

G. E. Fasnacht. u. 

MOLl^RE—LE MISANTHROPE. By the same Editor. 

I/. 

M0LI£RE-^LE M£DECIN MALGRA LUI. By the 
same Editor. [In the press, 

MOLIMRE^VA fare. Edited by L. M. Moriarty, B.A. 
Assistant-Master at Rossall. is. 

MOLIMRE-LE bourgeois GENTILHOMME. By 
the .-ame Editor. \In preparaition. 

SELECTIONS FROM FRENCH HISTORIANS. Edited 
by C. CoLBECK, M.A., late Fellow of Trinity College, Cam- 
bridge; Assistant-Master at Harrow. [In preparation, 

SAND, GEORGE — LE MARE A U DIABLE. Edited 
by W. £. Russell, M.A., Assistant-Master in Haileybniy 
College. [In the press, 

SANDEAU, JULES ^ MADEMOISELLE DE LA 
SEIGLIERE. Edited by H. C. Steel, Assistant-Master in 
Wellington College. [In the press. 

VOLTAIRE^CHARLES XIL Edited by G. E. Fasnacht. 

[In preparation. 

GRAMMAR AND GLOSSARY OF THE FRENCH 
LANGUAGE IN THE SEVENTEENTH CENTURY. 
By G. £. Fasnacht, [In preparation. 



MODERN LANGUAGES, ART, ETC. 63 

OBRMAN. 

• GOETHE — GOTZ VON BERLICHINGEN', Edited 
by H. A. Bull, M. A., Assistant-Master at Wellington. 2j. 

• 

GOETHE— FAUST, PART L Edited by Jane Lee, 
Lecturer in Modem Languages at Newnham College, Cam* 
bridge. \Jn preparation. 

HEINE—SELECTIONS FROM THE PRO$E WRIT- 
INGS, Edited by C. Colbeck, M.A. [In the press, 

SCHILLER — DIE JUNGFRAU VON ORLEANS, 
Edited by Joseph Gostvvick. zs, 6d. 

SCHILLER— MARIA STUART, Edited by C.Sheldon, 
M.A., D.Lit., Assistant- Master in Clifton College. 

[In preparation. 

SCHILLER— IVILHELM TELL, Edited by G. E. 
Fasnacht. [In preparation, 

UHLAND — SELECT BALLADS. Adapted as a First 
Easy Reading Book for Beginners. Edited by G. E. 
Fasnacht. u. [Ready, 

SELECTIONS FROM GERMAN HISTORIANS, By 
the same Editor. Part I. — Ancient History. [In prepat ation. 

*#* Other volumes to follow, 

VLKKVltf — THE POET'S HOUR: Poetry selected and 
arranged for Children. By Frances Martin. New Edition. 
i8mo. 2s. 6J. 

SPRING-TIME WITH THE POETS: Poetry selected by 
Frances Mar tin. New Edition. i8mo. y, 6d. 

MASSON (GU8TAVE)— /r COMPENDIOUS DICTIONARY 
OF THE FRENCH LANGUAGE (French-English and 
English- French). Adapted from the Dictionaries of Professor 
Alfred El wall. Followed by a List of the Principal Di- 
verging Derivations, and preceded by Chronological and 
Historical Tables. By Gustave Masson; Assistant-Master 
and Librarian, Harrow School. New Edition. Crown 8vo. 
half-bound. 6x. 
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BIOI.I&RB— Zj? MALADE IMAGINAIRE, Edited, widi 
Introduction and Notes, by Frances Ta&ver, M. A., Assistant- 
Master at Eton. Fcap. 8vo. 2s. dd, 

MORRIS— Works by the Rev. R. Morris, LLD. 

HISTORICAL OUTLINES OF ENGLISH ACCIDEITCE, 
comprising Chapters on the History and Development of the 
Language, and on Word-formation. New Edition. Extra 
fcap. Svo. 6x. 

ELEMENTARY LESSONS IN HISTORICAL 
ENGLISH GRAMMAR^ containing Accidence and Woid- 
formation. New Edition. i8mo. 2j. 6d, 

PRIMER OF ENGLISH GRAMMAR. i8mo. i*. 

oiMivnAirr—THE old and middle English a 

New Edition of ''THE SOURCES OF STANDARD 
ENGLISH,'^ revised and greatly enlarged. By T. L. King- 
ton Oliphant. Extra fcap. 8vo. qj. 

PAIiGRAVB — r^j? CHILDREN'S TREASURY OP 
LYRICAL POETRY, Selected and arranged with Notes 
by Francis Turner Palgrave. i8mo. 2s. 6d, Also in 
Two parts. i8mo. is, each. 

PItUTARGH — Being a Selection from the Lives which Illustrate 
Shakespeare. North's Translation. Edited, with Intro- 
ductions, Notes, Index of Names, and Glossarial Index, 1^ 
the Rev. W. W. Skeat, M.A. Crown Svo. dr. 

PYLODBT— A^-ff ^ GUIDE TO GERMAN CONVERSA- 
TION: containing an Alphabetical List of nearly 800 Familiar 
Words followed by Exercises, Vocabulary of Words in frequent 
use ; Familiar Phrases and Dialogues ; a Sketch of German 
Literature, Idiomatic Expressions, &c. By L. Pylodet. 
i8mo. cloth limp. 2s, 6d. 

A SYNOPSIS OF GERMAN GRAMMAR, From the 
above. iSmo. 6^. 

QUEEN'S GOLIiEGE, LONDON. The CALENDAR, 1879-80, 
1880-81, 1881-82, 1882-83. Fcap. 8vo. Each u. (uL 
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READING BOOKS— -Adapted to the English and Scotch Codes. 
Bound in Cloth. 

PRIMER, i8mo. (48 pp.) 2d. 

BOOK I. for Standard I. iSmo. (96 pp.) 4^1 

i8mo. (144 pp.) 5^. 
i8mo. (160 pp.) 6^. 
i8mo. (176 pp.) %d. 
i8mo. (380 pp.) IJ. 
Crown 8vo. (430 pp.) 2j. 

Book VI. is fitted for higher Classes, and as an Introduction to 
English Literature. 

'* They are far above any others that have appeared both in form and 
substance. . '. . The editor of the present aeries has rightly seen that 
reading books must 'aim chiefly at giving to the pupils the power of 
accurate, and, If possible, apt and skilful expression; at cultivating in 
them a good literary taste, and at arousing a desire 0^ further reading.' 
This is done by taking care to select the extracts from true English classics, 
going up in Standard VI. course to Chaucer» Hooker, and Bacon, as well 
as Wordsworth, Macaulay, and Froude. . . . This is quite on the right 
track, and indicates justly the ideal which we ought to set before us. — 
Guardian. 
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VI. 



X—A SHAKESPEARE MANUAL. By F. G. 
Fleay, M. a., late Head Master of Skipton Grammar School. 
Second Edition. Extra fcap. 8vo. 41*. 6^. 

AN ATTEMPT TO DETERMINE THE CHRONO- 
LOGICAL ORDER OF SHAKESPEARE'S PLA KS. By 
the Rev. H. Paine Stokes, B.A. Extra fcap. 8vo. \s, 6d, 

THE TEMPEST, With Glossarial and Explanatory Notes. 
By the Rev. J. M. Jephson. New Edition. i8mo. u. 

80NNENSCHSIN and MEIKItSJOHN— 7!^^ ENGLISH 
METHOD OF TEACHING TO READ. By A. Son- 
NENSCHEiN and J. M. D. Meiklejohn, M.A. Fcap. 8vo. 

COMPRISING : 

THE NURSERY BOOK, containing all the Two-Letter 
Words in the Language, id. (Also in Large Type on 
Sheets for School Walls. 5^.) 

THE FIRST COURSE, consisting of Short Vowels with 
Single Consonants. 6d. 

e 
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■OMNSNBCHEIN mad MCSIKIiBJOHM Cimiintted^ 

THE SECOND COURSE, with' Combinations and Bridges, 
consisting of Short Vowels with Double Consonants. 6d, 

THE THIRD AND FOURTH COURSES, consisting of 
Long Vowels, and all the Double Vowels in tjbe Language. 
6d. 

" These are admirable books,^ because they are constructed on a prin- 
ciple, and that the simplest principle on which it is possible to leam to read 
English."— Spsctatok. 

STEPHEN—^ DIGEST OF THE LAW OF EVIDENCE 
By Sir James Fitzjames Stephen, a Judge of the High 
Court of Justice, Queen's Bench Division. Fourth Edition. 
Crown 8vo. 6s, 

** An invaluable text-book to students."— Ths Timxs. 

TKV'LO'BL— WORDS AND PLACES; or, Etymological Illus- 
trations of History, Ethnology, and Geography. By the Rev. 
Isaac Taylor, M.A. Third and Cheaper Edition, revised 
and compressed. With Maps. Globe 8vo. 6s, 

4 

TAYI.OK— y^ PRIMER OF PIANOFORTE PLAYING, By 
F&ANKLiN Taylor. Edited by George Grove. iSmo. i^- 

TBQVmaiit^lBL-^ HOUSEHOLD MANAGEMENT AND 
COOKERY, With an Appendix of Recipes used by the 
Teachers of the National School of Cookery. By W. B. 
Tegetmeier. Compiled at the request of the School Board 
for London. i8mo. is, 

TTLOJLYXTOV— FIRST LESSONS IN BOOK-KEEPING, By 
J. Thornton. Crown 8vo. 2s, 6d, 

The object of this volume is to make the theory of Book-keeping sof> 
fidently plain for even children to understand it. 

THRING— T-ZTiff ELEMENTS OF GRAMMAR TAUGHT 
IN ENGLISH, By Edward Thrino, M.A., Head Master 
of Uppingham. With Questions. Fourth Edition. iSmo. 2x. 
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TBBirCH (AKCHBISHOP)^Works by R. C. TRENCH, D.D., 
Archbishop of Dublin. 

HOUSEHOLD BOOK OF ENGLISH POETRY, Selected 
and Arranged, with Notes. Third Edition. Extra Fcap. 8«o. 

ON THE STUDY OF WORDS, Seventeenth Edition, 
revised. Fcap. 8vo. 5j. 

ENGLISH, PAST AND PRESENT. Eleventh Edition, 
revised and improved. Fcap. 8vo. 5^. 

A SELECT GLOSSARY OF ENGLISH WORDS, used 
formerly in Senses Different frdhi their Present. Fifth 
Edition, revised and enlarged. Fcap. 8vo. 5^. 

VAUGHAN (C. m.)-- WORDS FROM THE POETS. By 
C. M. Vaughan. New Edition. i8mo. cloth, is. 

VICTORIA UNIVERSITY CAXiENDAR, with the Calendar of 
the Owens Colkge, 1882-83. Crown 8vo. 3^, 

VINCENT ^d JilCKBOV— HANDBOOK TO MODERN 
GREJSK. By Edgar Vincent, Coldstream Guards, and 
T. G. Dickson, M.A. Second Edition, revised and enlarged, 
with Appendix on the relation of Modern and Classical Greek 

by Prof! R. C. Jebb. Crown 8vo. 6j. 

*' It will not be Messrs. Vincent and Dickson's fault if their work does 
tAit contribute materially to the study of Greek by Englishmen as a living 
language.*' — Pall Mall Gazette. 

WARD— TW:^ ENGLISH POETS. Selections, with Critical 
Introductions by various Writers and a General Introduction 
by Matthew Arnold. Edited by T. H. Ward, M.A. 4 
Vols. Vol. I. CHAUCER to DONNE.— Vol. II. BEN 
JpNSON TO DRYDEN. — Vol. III. ADDISON to 
BLAKE. —Vol. lY. WORDSWORTH TO SYDNEY 
DOBELL. Crown ^vo. Each 7j. dd. 



\* .' 



WHITNEY — Works by WiLLiAM D. WHITNEY, Professor of 
S^anskrit and Instructor in Modern Languages in Yale College. 

A COMPENDIOUS GERMAN GRAMMAR. Crown 
8vo. 4J. dd. 

A GERMAN READER IN PROSE AND VERSE, with 
Notes and Vocabulary. Crown 8vo. 5^. 
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IVHITNST and EDORBN— ^ COMPENDIOUS GERMAN 
AND ENGLISH DICTIONARY^ with Notation of Cor- 
respondences and Brief Etymologies. By Professor W. D. 
Whitnsy, assisted by A. H. Edg&en. Crown 8vo. Is. 6d, 

THE GERMAN-ENGLISH FART, separately, y. 

WRIGHT— r^iff SCHOOL COOKERY BOOK. Compfled 
and Edited by C. £. Guthrie Wright, Hon. Sec to the 
Edinburgh School of Cookery. i8mo. u. 

WmiGHTSOM— 7W^£ FUNCTIONAL ELEMENTS OF AN 
ENGLISH SENTENCE, an Examination of the. Together 
with a New System of Analytical Marks. By the Rer. W. 
G« Wrightson, M.A., Cantab. Crown 8vo. 5j. 

TOMOB( CHARLOTTE 1H.)^THE ABRIDGED BOOK OP 
GOLDEN DEEDS A Reading Book for Schools and 
general readers. By the Author of "The Heir of Red- 
clyffe." i8mo. cloth, u, 

GLOBE READINGS EDITION. Complete Edition. 
Globe 8 vo. 2s, {Sa^ 58.) 



Now Publishing, in Crown 8vo, price 2s. 6d. each. 
Also in Stiff Boards, uncut edges, price 2s. 6d. each. 

ENGLISH MEN OF LETTERS 

EDITED BY JOHN MORLEY. 



"These excellent biographies should be made class-books for schools," — 
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SCOTT. By R. H. HuTTON. 

GIBBON. By J. C. MORISON. 

SHELIjET. By J. A. Symonds. 

HUME. By Professor Huxley, 
F.R.S. 

GOLDSMITH. By William 
Black. 

DEFOE. By W. MiNTO. 

BURNS.. By Principal Shairp. 

SPENSER. By R. W. Church, 
Dean of St. Paul's. 

THACKERAY. By Anthony 
Trollope. 

BURKE. By John Morley. 

MILTON. By Mark Pattison. 

HAWTHORNE. By Henry 
James, Jun. 

8 U T H E Y. By Edward 

DOWDEN. 

CHAUCER. By A. W. Ward. 
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BUNYAN. By J. A. Froudb. 
BYRON. By John Nichol. 
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POPE. By Leslie Stephen. 

CHARLES LAMB. By Rev. 

Alfred Ainger. 

DE QUINCEY. By David 
Masson. 

LANDOB. By Sidney Colvin. 
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BURY. 

WORDSWORTH. ByF. W.H. 
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DICKENS. ByA. W.Ward. 
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typographical excellence, their compendious form, and their cheapness." — 
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SHAKESPEARE'S COM- 
PLETE WORKS. Edited by 
W. G. Clark, M.A., and W. 
Aldis Wright, M.A. With 
Glossary. 

MORTE D'ARTHUR. The 

Book of King Arthur and of 
his Noble Knights of the Round 
Table. The Original Edition 
of Caxton revised for Modem 
Use, with Introduction, Notes, 
and Glossary. By Sir £• 
Strachsy. 

ROBINSON CRUSOE. Edited 

after the Original Editions. 
With a Biographical Introduc- 
tion by Henry Kingslsy, 
^•R«G.S« 

SIR WALTER SCOTT'S 
POETICAL WORKS. Edi- 
ted, with Biographical and 
Critical Memoir, by F. T. 
Palgrave. With Introduction 
and Notes. 

VIRGIL. Rendered into English 
Prose, with Introductions, 
Notes, Analysis, and' Index, 
by J. Lonsdale, M.A., and 
S. Lee, M.A. 
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Prose, with Introductions, 
Running Analysis, Notes, and 
Index, by J. Lonsdale, M. A., 
and S. LsB, M.A, 






DRTDEN'S POETICAL 
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Memoir, Revised Text, and 
Notes, by W. D. Chr.istie, 

M.A. 

COWPER'S POETICAL 

WORKS. Edited, with Bio- 
graphical Introducti m and 
Notes, by W. Benham, B.D. 

BURNS'S COMPLETE 
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best Printed and MS. Autho- 
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ANDER Smith. 
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Edited, with Notes and Intro- 
ductory Memoir, by Professor 
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Original Editions and Manu- 
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** They are far above any others that have appeared both in form and substance 
. . . The editor of the present series has rightly seen that reading books must 
'aim chiefly at giving to the pupils the power of accurate, and, it possible, apt 
and skilful expression ; at cultivating m them a good literary taste, and at 
arousing a desire of further reading.' This is done by taking care to select tha 
extracts from true English classics, going up in Standard VI. course to Chaucer, 
Ho( ker, and Bacon, as well as Wordsworth, Macaulay, and Froude. . . . This 
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before VA.**--CuardiaM, 
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OBJECT TEACHING. A Lecture delivered at the Pupil- 
Teacher Centre, Will.am Street Board School, Hammersmith. By J. H. 
Gladstone, Ph.D.. F.RS., Member of the London School Boasd. With 
an Appendix. Crown ftvo. yd, 

"It is a short but interesting and instructive publication, and onr ^^ounger 
teachers will do well to read it carefully and thoroughly. There is much in these 
few pages which they can learn and profit by." — T/ts School GuardioH. 

HINTS TO HOUSEWIVES ON SEVERAL POINTS, 

PARTICULARLY ON THE PREPARATION OF ECONOMICAL 
AND TASTEFUL DISHES. By Mrs. Fredbkick. Crown 8vo. zi. 

"This uninretending and useful little volume distinctly supplies a desideratum. 
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THE GLOBE READERS. 

A New Series of Reading Books for Standards I. to VI. Selecte 
Arranged, and Edited by A. F. MuRisoN, sometime Kng^li 
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Book I. (96 pp. ) . . . 
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careful abiUty with which they have been adopted to the ^pt>wing capacity of tfa 
pupilsJ The plan of the two primers is excellent for facilitating the child's firs 
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taining reading. .... Better food for young minds could hardly be found. "— 
Tlu Athenaum, 
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GOLDSMITH'S VICAR OP WAKEFIELD. With a 
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LAMB'S (CHARLES) TALES FROM SHAKESPEARE. 

£dited, with Preface, by Alfred Aincbr, M. A Globe 8vo. ax. 

SCOTT'S (Sir WALTER) LAY OF THE LAST 

MINSIREL ; and the LADY OF THE LAKE. Edited, with Introduc- 
tions and Notes, by Francis Turner Palgravb. Globe 8to. xi. 

SCOTT'S (Sir WALTER) MARMION ; and the LORD 

OF THE ISLES. By the same Editor. Globe 8vo. x«. 
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POETS. Selected and arranged by Coventry Patmorb. Globe 8vo. 

YONGE (CHARLOTTE M.)-A BOOK OF GOLDEN 
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